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Preface 

When I decided to write a book on a complex subject such as naturally fractured 
'reservoirs, I was aware that the technology is improving continuously and through 
time new methods for well-test interpretations are becoming available while existing 
models can be verified through te use of high-resolution pressure and spinner gauges. 

This book does not introduce an new model for well-test interpretation in wells 
completed in fractured reservoirs. Rather it may be considered as a guide to what 
has been done so far regarding analysis of pressure and flow-rate transients for these 
systems. Basically, the contents can be divided into three important topics related 
to transient test interpretations: 

- Interpretation of pressure transient tests at  constant flow rate 
- Decline curve analysis, and 
- Interpretation of interference tests. 
In Chapter 1 a summary of well-test analysis is presented. It includes a review 

on the pressure-derivative method and the analysis of simultaneous measurements 
of pressure and flow rate (convolution and deconvolution techniques). The reader 
already familiar with the subject may skip this chapter. 

In Chapter 2 the characteristics of fractured reservoirs are presented and the tech- 
niques used to identify fractured reservoirs are analyzed. I t  includes a summary on 
the different models introduced over the past 30 years for well-test interpretations. 
A comparison of the different models from a practical point of view. 

Chapter 3 is a fundamental chapter regarding pressure-transient analysis for 
fractured reservoirs. The partial differential equations used to generate the dimen- 
sionless wellbore pressure solutions are presented. Both pseudo-steady-state and 
transient interporosity fluid flows are considered. The use of the type curves is 
illustrated through examples of their application. 

Chapter 4 is an application chapter and is dedicated basically to the most popular 
method used in well-test interpretation: the Horner plot. A practical procedure for 
analyzing build-up data from fissured formations is also given. 

Chapter 5 presents the solutions for dimensionless fractured and matrix pressures 
in the formation or the line-source solution for fissured reservoirs. The use of the 
type curves is illustrated with both a simulated and a field case. 

Chapter 6 discusses the fundamentals of decline-curve analysis for fractured 
reservoirs. This topic has not received much attention in the literature even though 
it is related to a key factor regarding economics: production-forecast analysis. The 
dimensionless transient rate solutions in the estimation of the fissured-reservoir pa- 
rameters w and A,  using transient rate data due to  the lack of pressure data, makes 
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the method worthy of use for practical purposes following the improvement in the 
present-day resolution of flowmeters and their accuracy. 

Chapter 7 presents the dimensionless matrix- and fracture-pressure solutions 
needed to study the data from interference tests conducted in fractured reservoirs 
when the wells are producing under constant pressure. 

Chapter 8 describes and lists a basic computer program (in FORTRAN) that 
solves the general two-porosity system. With this program, the user can generate 
type curves for specific cases. The appropriate changes to be made to  this program 
to include transient interporosity fluid flow and the pressure derivative are also 
explained. 

Chapter 9, a contribution by Luis Prado, deals with the use of pressure-transient 
tests to determine the fracture system extensions and fracture trends. The solution 
for unsteady liquid flow in a uniformly fractured zone around a well is also provided. 

Chapter 10, finally, discusses the design of production, interference and build-up 
tests to be conducted in wells completed in fractured reservoirs. The planning and 
design of each test is illustrated with a numerical example. 

GIOVANNI DA PRAT 
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Chapter 1 

Well-Test Analysis 

1.1. Introduction 

In this chapter a review is presented on the use of well-test analysis for eval- 
uations of well conditions and reservoir characterization. Needless to  say, a whole 
book could be dedicated to  this subject and there are already many available on the 
market (Mattheus and Russell, 1967; Earlougher, 1977) and the reader who is not 
familiar with this subject is referred to  these references, where both the theory and 
field examples are presented for a proper understanding of the analyses commonly 
used for the interpretation of well tests. In this chapter the fundamental concepts 
related to  well-test data acquisition and interpretation are presented from a practi- 
cal viewpoint. Furthermore, a brief summary of the advances achieved in this area 
is presented. Emphasis is given to the most common interpretation methods used 
at the present. 

1.2. Wellbore storage and skin effect 

When dealing with the analysis of pressure and sandface flow-rate data there 
is an effect which, depending on its magnitude, can not only render early time 
data meaningless, but can also obscure flow regimes such as a radial flow which 
could be a main objective of the test. Such an effect is called the wellbore storage 
effect. Figure 1-1 shows a typical layout used in conducting a well test; in this 
case a build-up test. To explain the wellbore storage effect, let us assume that in 
this case there is no downhole shut-in tool. The pressure gauge before shut-in is 
recording the bottomhole flow pressure. A change in surface production like a shut- 
in is not transmitted instantaneously to  bottomhole due to  the compressibility of 
the fluid contained in the wellbore (Fig. 1-la). The formation fluid continues to 
enter the wellbore for a period of time that depends on both the well and the 
formation characteristics. In Fig. l - lb  the early time pressure data are affected by 
the wellbore storage, in this case also called after-flow effect. 

Another effect related to the wellbore and the formation around it is the skin 
effect. According to  the literature (Agarwal e t  al., 1970; Ramey, 1970) the skin 
effect is an additional (positive or negative) pressure drop that occurs at the well- 
face. Figure 1-2 shows the pressure profile for both a positive (damaged) and a 
negative skin. This pressure drop or skin is responsible for a reduced or increased 
well production. Depending on its value which is normally obtained through well- 
test interpretation a decision can be taken regarding the optimization of the well’s 
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Fig. 1-1. Typical layout when conducting a production test. (a) Surface shut-in is not transmitted 
instantaneously to sandface. (b) Bottonhole pressure behavior for the flow and build-up period. 

production. The pressure drop or skin factor obtained from the well test is the total 
or apparent pressure drop. It can be split up into several terms and in many cases 
each one should be investigated for a proper well treatment. Each term is associated 
with a pressure drop caused by the following conditions: 

- Permeability reduction near the wellbore caused by drilling (damage) 
- Permeability increase near the wellbore (stimulation treatments) 
- Turbulence 
- Partial penetration 
- Slanted well 
- Perforating conditions (shot density and phasing). 

1.3. Outer boundaries and discontinuities 

Both wellbore storage and the skin effect can be considered as inner boundary 
conditions (wellbore). In a similar manner, outer boundaries (external limits of 
drainage) or a discontinuity in formation properties will affect the pressure response. 
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Fig. 1-2. Skin effect. Pressure distribution in the well and formation. (a) Positive skin effect. (b) 
Negative skin effect. Courtesy of SPE-AIME. 

In reality, the purpose of a pressure test is to obtain information about the type 
of formation and its fluids. In many cases, such a test is used to  confirm the presence 
of a fault or barrier (discontinuity) as predicted by the geological model. Even if 
this is not the primary objective of the test, the presence of a fault or barrier will 
induce an additional pressure drop caused by the presence of the perturbance from 
the discontinuity to  the wellbore. If the well is producing from a closed drainage 
area or where the flank is subject to  water drive, this will be reflected in a pseudo- 
steady-state behavior or a constant pressure in a plot of pressure versus time as 
recorded by the gauge. 
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1.4. Well-test interpretation 

The aim of well-test interpretation is to  obtain from the analysis of pressure ver- 
sus time data (see Fig. l- lb) or of simultaneously measured pressure and sandface 
flow-rate data (Fig. l - l a  and b), the following parameters and functions: 

- Average permeability for the drainage area of the well. 
- Reservoir initial or average pressure. 
- Sandface condition (damaged or stimulated). 
- Volume of the drainage area. 
- Degree of communication between wells. 
- Validation of the geological model 
- System identification (reservoir type and the mathematical model for its pres- 

sure drop as a function of time) 
Furthermore and depending on the well-test’s objectives, additional information 

can be obtained. For example, if the well was hydraulically fractured, the distance 
or extension of the fracture induced thereby can be found. 

1.4.1. Partial differential equations 

The interpretation of pressure versus time data is made through the use of type- 
curve analysis (log-log), and semi-log analyses (Homer; Miller, Dyes and Hutchin- 
son (M.D.H.)). Basically, the data obtained are compared (the behavior of A P  vs. 
At) with well known models that describe the expected behavior for the pressure 
drop versus time under the specific reservoir and well conditions. The generation 
of solutions for the expected pressure behavior and the technique of type curve 
matching will be presented here in the simple case of a homogeneous system. 

For an homogeneous porous medium, the differential equation that describes 
the flow of a slightly compressible fluid, the diffusivity equation, is obtained by 
combining: 

(1) the law of conservation of mass, 
(2) the equation of state, and 
(3) Darcyk law. 
The resulting equation in cylindrical coordinates is 

where P = pressure, psi; r = radius, ft; q5 = porosity, fraction; p = viscosity, cP; 
Ct = compressibility, psiv1; K = permeability, mD; and t = time, h. 

The reader interested in the derivation of this equation is referred to  the classical 
work of Mattheus and Russell (1967) and Earlougher (1977) where an excellent 
discussion on this subject may be found. 

The assumptions made in arriving at  eq. (1-1) are: 
- Radial horizontal flow 
- Negligible gravitational effects 
- Homogeneous and isotropic porous medium 
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- Single phase fluid of low and constant compressibility 
- Laminar and isothermal flow 
- Fluid and rock properties independent of pressure. 
Equation (1-1) has been solved for a variety of boundary conditions, and the 

solutions to it constitute the basis for all the pressure-transient test interpretation 
techniques available today. We will now look at  some of the solutions to this basic 
equation. 

1.4.2. Dimensionless pressure solutions 

In dimensionless form, eq. (1-1) may be expressed as (see the nomenclature for 
explanation of the terms): 

Kh[Pi - P(T, t)] 
PD Z Z  

141.2qBp (1-3) 

The introduction of dimensionless quantities at  this point is made with the pur- 
pose of simplifying the process of generalizing the solutions to the flow equation. It 
should be kept in mind, however, that the physical quantities are directly propor- 
tional to the dimensionless terms as described by eqs. (1-3) to (1-5). 

1.4.3. Infinite reservoir solution 

The first solution to eq. (1-1) that we will consider, is that for a well completed 

(1) The well completely penetrates the producing reservoir, and has an infinitely 

(2) The reservoir has a uniform thickness and is of infinite radial extent; 
(3) Constant flow rate a t  the well; 
(4) The reservoir is originally at a constant and uniform pressure, 9. 
The mathematical expressions for the initial and boundary conditions are as 

in an infinite reservoir. Additional assumptions are: 

small radius, r + 0; 

follows: 

Initial condition- At t~ = 0 for all Q: 

PD(rDitD) = 0 (1-6) 
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NOMENCLATURE 
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A 
B 
C A  

ct 
C 
C D  
h 
K 
m 
P 
P D  

Pb 
4 
P w D  

P w D  

P s D  

PSD 

PWf 

pw3  
P I  

P' 
P 
PD 

PA 

TD 

Pref 

4sf 

TD 

Tw 
S 

t 
t D  

t n  

tP 

Subscripts 

A 
D 
DA 

n 
ref 
sf 
sD 

wD 
wf 

q;, 

T 

S 

tDA 

1 

W 

ws 

drainage area 
formation volume factor, RB/STB 
dimensionless pseudo-steady-state shape factor 
total compresibility, psi-' 
wellbore st orage const ant, bbl/psi 
dimensionless storage constant 
formation thickness, ft 
permeability, mD 
absolute value of semi-log straight line slope, psi/cycle. 
pressure, psi 
dimensionless pressure 
Laplace transform of pb 
initial reservoir pressure, psi 
dimensionless wellbore pressure 
Laplace transform of P w ~  
dimensionless sandface pressure 
Laplace transform of P s ~  
well flowing pressure, psi 
shut-in wellbore pressure, psi 
pressure derivative with respect to time, psi/hr 
dimensionless pressure derivative with respect to time 
extrapolated or false pressure in a Homer plot, psi 
volumetric rate, bbl/day 
dimensionless flow rate 
Laplace transform of qD 
dimensionless flow-rate derivative with respect to time 
reference flow rate, bbl/day 
sandface flowrate, bbl/day 
radial distance to the well, ft 
dimensionless radial distance, T I T w  

wellbore radius, ft 
skin effect 
Laplace space variable 
time, hours 
dimensionless time 
dimensionless time based on area 
discrete time, hours 
production time, hours 

based on drainage area 
dimensionless 
dimensionless area 
initial 
discrete point 
reference 
sandface 
dimensionless formation pressure 
bottom hole, well 
dimensionless bottom hole, well 
well flowing 
shut-in bottom hole well 
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NOMENCLATURE (continued) 

Greek symbols 

f i  viscosity, CP 
9 porosity, fraction 
7 dummy integration variable 

Boundary cond i t ions  Constant flow rate at the well; for tD > 0: 

Infinite outer boundary- Q + 00 for all t D :  

J‘D(~D,~D) = 0 (1-8) 

Equation (1-6) states that before production, the pressure is uniform in the entire 
reservoir and equal to the initial pressure, 9. Equation (1-7) is the inner boundary 
condition of constant rate a t  the well, and eq. (1-8) states that the pressure at the 
outer boundary is not affected by the pressure transients induced at  the well. 

With these boundary conditions, and applying the Boltzmann transformation, 
eq. (1-1) may be solved analytically to yield the following solution: 

P,(,,,tD) = --Ei -- 
2 ( Lt!) (1-9) 

which is the well-known “exponential-integral” solution. 
Figure 1-3 shows a log-log plot of 

equation may be approximated by: 

PD(rD,tD) M - 1 [In ( z )  + 0.80907] 
2 

- 
eq. (1-9). For all practical purposes, this 

(1-10) 

which applies when tD/r; > 100. 
Since Fig. 1-3 or the semi-logarithmic approximation, eq. (1-10) permit the cal- 

culation of the pressure at any point and at  any time in the reservoir, they are used 
for the interpretation of interference or pulse test pressure data. It should also be 
remarked that the assumption of an infinite reservoir applies to most field situa- 
tions, since a pressure test in a reservoir is a short duration event compared to the 
producing life of a reservoir. This means that even if a reservoir is not infinitely 
large (which is always the case), the pressure disturbance created during a well 
test may not reach the boundaries, so that in effect the reservoir acts as an infinite 
system. This is especially true of the early-time data. 

The use of Fig. 1-3 for the interpretation of interference tests is intended to 
illustrate the technique of type-curve matching which is described next. 
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1.4.4. Type-curve matching techniques 

Type-curve matching techniques are based on the premise that the actual pres- 
sure response of a well should have the same shape as that predicted by a math- 
ematical model that describes the flow situation (assuming, of course, that the 
mathematical model adequately accounts for the major characteristics of the ac- 
tual well and reservoir). That this should be so can be seen by looking at the 
definition of dimensionless pressure and time in eqs. (1-3) and (1-4): 

K h [ E  - P ( r ,  t)] 
pb = 141.2qBp ' 

0.000264Kt tD = 
4PCt r: 

Taking the logarithms of both sides of the equations: 

tD 0.000264K log 7 = log t + log 
TD 9PCt r; 

(1-11) 

(1-12) 

Equations (1-11) and (1-12) imply that a log-log plot of PD vs. t D / r g  (see 
for instance Fig. 1-3) should have the same shape as a log-log plot of A P  vs. 
t. Also, the plots will be displaced vertically and horizontally by the quantities 
log( I< h/141.2qpB) and log( 0.000264Kt/q5pCt r;), respectively. 

In general, the log-log plot of PD vs. tD/rg (or other convenient group of pa- 
rameters) represents the theoretical or model response of the wellbore pressure for 
a reservoir under a given set of boundary conditions, and it is called a type curve. 
On the other hand, the log-log plot of A P  vs. At  is the actual field data. Super- 
imposing this latter plot over the type curve, and if the assumptions made in the 
development of the type curve adequately represent the actual physical situation, 
it is possible to obtain a match point from which the reservoir parameters can be 
determined. This can be seen by rearranging eqs. (1-11) and (1-12): 

log ($) =log K h  
M 141.2qBp 

log (+) =log 0.0002641- 
M 4pCt r2 

(1-13) 

(1-14) 

where the subscript M stands for the values of P D / A P  or (tD/rg)/t at  the match 
point ( P D / A P  or (tD/rk)/t). Further, from eqs. (1-13) and (1-14): 

K h  = 141.2qBp (i%)M (1-15) 
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0.000264K 
4ct = 

M 

(1-16) 

The concepts outlined sofar apply to type-curve matching of test data with 
different flow models. Generally, type curves are generated by deriving the solutions 
to the wellbore pressure under different assumptions (i.e. line source well, wellbore 
storage effects, reservoir boundaries, etc.), and they may be obtained by either 
analytical or numerical techniques. The analysis of test data by this technique 
then implies that a careful selection of the appropriate type curve is of paramount 
importance to avoid spurious interpretations. 

Another useful application of type curves is that of identification of the different 
flow regimes occurring during a well test. This will be discussed later in this chapter. 

1.4.5. Semi-logarithmic analysis 

Consider the logarithmic approximation to the exponential-integral solution (eq. 
1-10): 

PD(?-D,tD) M f [In (2)  +0.80907] 

Subtituting the definition of the dimensionless terms, eqs. (1-3) and (1-4), eq. 
(1-10) may be written as: 

Ii' 162.6qBp ( logt  +log ~ - 3.23 A P  = 
Ii'h 4pCt r2 

(1-17) 

which implies that a plot of A P  vs. logt of the pressure data should generate a 
straight line whose slope m is given by: 

162.6qpB 
Ii'h 

m =  

and whose intercept (at At = 1 h) is: 

(1-18) 

(1-19) 

From eqs. (1-18) and (1-19), the products of permeability-thickness (Ii'h), as 
well as porosity-compressibility ($pCt), can be calculated as: 

162.6qBp 
m 

Ii'h = (1-20) 

(1-21) 

where m is the slope of the semi-log straight line. 
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The following example illustrates the application of both type-curve matching 
and semi-log analysis techniques to the interpretation of an interference test. 

1.4.6. Example of an interference test 

An interference test is run with the objective of determining the degree of com- 
munication between wells and to  estimate the permeability-thickness and porosity- 
compressibility products around them. This type of test usually involves measuring 
the pressure response in an observation well caused by changes in the flow rate 
in an offset, active well. For this particular example, reservoir and well data are 
summarized in Table 1-1. 

ruud 

S o h  tion 
Let us solve the problem using both type curve and semi-log analyses 

Q p e  curve analysis. Figure 1-4 shows a match of the pressure-time data with the 
exponential-integral type curve. From the match point, the following parameters 
may be obtained: 

At = 50 h 
A P  = 16 psi 
t D / r L  = 8 
PD = 0.37 

Using eqs. (1-15) and (1-16): 

( 14 1.2) (427) (0.8) ( 1.12) 

(23) 
K h  = 

= 9.7 x 1 0 - ~  psi-' (0.000264)(54) ''' = (340)2(0.8)(50/8) 

TABLE 1-1 

Interference test example 

At P, - Pws At P, - p w s  At P,  - Pws 
(h) (Psi) (h) (Psi) (4 (psi) 

0.0 0.0 10.0 33.0 120.0 81 .O 
1.0 2.0 18.0 41 .O 150.0 86.0 
1.5 5.0 24.0 48.5 180.0 89.0 
2.0 7.0 36.0 57.5 
3.0 12.0 50.0 67.5 
5.0 21.0 90.0 75 .O 

Reservoir and well data: T = 340 ft (interwell distance); 4 = 0.12; h = 23 ft; Ct = 8.3 x 
psi-'; po = 0.8 cP; Bo = 1.12 RBL/STB; q = 427 STBD. 
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Fig. 1-4. Type-curve matching solution for the interference test example. Any point can be chosen as the match point. 
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Fig. 1-5. Semi-log analysis for the interference test example. 

Semi-log analysis. Figure 1.5 shows a semi-logarithmic plot of the pressure data. 
The slope, rn, of this plot is 46 psi/cycle. Using eqs. (1-20) and (1-21): 

( 14 1.2) (427) (0.8) ( 1.12) 
(23) 

K h  = 

(59) 10-(14.5/46+3.23) - - 7.80 x psi-' 
'ct = (340)2(0.8) 

where AP, h = -14.5 psi is obtained by extrapolating in Fig. 1-5. 

1.4.7. Identification of flow regimes 

A log-log plot of pressure drop versus time can be used to identify different flow 

At short times the pressure response is mainly controlled by wellbore storage. 
regimes during a well test. Figure 1-6 shows a typical log-log plot of AP vs. At. 

The dimensionless pressure during this period is given by (Agarwal et al., 1970): 

tD h=-, 
C D  

(1-22) 

where CD is the dimensionless wellbore storage constant defined by van Everdingen 



14 Well-test analysis 

log AP 

log At 

Fig. 1-6. Log-log plot of A P  vs. At for flow regime identification. I = wellbore storage; ZZ = 
transition; Z Z I  = radial flow; ZV = boundary effect. 

and Hurst (1949) as: 

(1-23) 

where C = wellbore storage constant, bbl/psi. 
Equation (1-22) implies that a log-log or a Cartesian plot of A P  vs. t ,  a t  early 

times should generate a straight line of unit slope. This is represented as region I in 
Fig. 1-6. Further, eq. (1-22) implies that no information related to the formation’s 
flow capacity may be extracted from this portion of the test data. A number of 
techniques have been presented in the literature for analyzing these wellbore storage 
dominated data (Agarwal et al., 1970; Ramey, 1970; McKinley, 1971; Earlougher 
and Kersch, 1974). However, discussion of these here is beyond the scope of this 
book. 

In region I1 of Fig. 1-6, the pressure response is controlled by various well- 
bore/reservoir effects, etc. Then, in region I I I  the pressure behavior is character- 
istic of radial flow in the reservoir. It is this portion of the pressure data which is 
suitable for the application of semi-logarithmic interpretation techniques. During 
this flow period, the dimensionless wellbore pressure may be approximated by: 

PD(~D) = 5 [ ln(tD) -t- 0.809071 (1-24) 
1 

Notice that this is just eq. (1-10) for rD = 1 (at the wellbore). 
Eventually, the wellbore pressure will be controlled by boundary effects in region 

IV of Fig. 1-6. 
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1.4.8. Superposition principle-b uild- up testing. 

The equations presented thus far apply for the general case of a constant flow 
rate. However, strictly speaking, this is seldom encountered. To model the pressure 
for multiple rate schedules, the superposition principle is used. Consider the case 
of a build-up test. The well is initially produced at a constant rate for a period t , ,  
and then it is shut-in and the bottomhole pressure recorded (see Fig. 1-7). 

Applying the superposition principle, the pressure build-up during the shut-in 
period may be represented by the pressure drop caused by the flow rate +p acting 

d 

I 
I 

(b) 
Fig. 1-7. Superposition principle. (a) Bottomhole pressure history. (b) Flow rate history used to 
analyze build-up data (dashed line). 
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over the total period of time t, + A t  (upper dashed line in Fig. 1-7) plus a pressure 
drop corresponding to an injection rate of -q, acting during the shut-in period 
(lower dashed lines). 

Mathematically, this is written as: 

PDBU = 

where: 

PDBU = 

Expressed in dimensional quantities, by means of the semi-logarithmic 
mation, we obtain: 

Pws = p, - 162.6qBp log (F) 
K h  

(1-25) 

approxi- 

(1-26) 

which is well known as Homer’s equation of the straight line for build-up test 
interpretations. A plot of P,, vs. log[(t, + At)/At] gives a straight line whose 
slope, m, is given by: 

162.6qBp 
m =  

Kh 

from which the permeability-thickness product can readily be calculated. Also, 
notice that the intercept at  very long times, At -+ 00, would yield the false pressure, 
P* . 

The foregoing analysis may be considered as conventional and of popular usage 
throughout the last 25 years. Starting in 1983 and according to the literature two 
methods of interpretation came to focus the interest of those involved in pressure- 
transient analysis: the derivative and the convolution/deconvolution methods. In 
the next sections a brief summary is presented of each method. 

1.5. Pressure-derivative analysis 

Given a set of pressure versus time data obtained in a test such as build-up, 
drawdown fall-off, interference or other tests that involve measurements of transient- 
pressure behavior, a common and quite old technique from an engineering viewpoint 
is the use of type curve matching as a diagnostic of the type of reservoir and the 
different flow regimes present during the test (wellbore storage, skin, closed outer 
boundary, vertically fractured well and others). Basically, the data are plotted on 
a log-log scale and superimposed on a given type curve. Once a match is obtained 
then the reservoir parameters and information about the well condition (fractured, 
damaged and others), is obtained according to the model used in the match (ho- 
mogeneous, multilayer, double porosity and others). Needless to say, we are dealing 
here with the inverse problem: many type curves or models can match the data. For 
example, double-porosity and multilayer models predict a similar behavior for the 
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shape of the transient-pressure data. A major advantage in the use of type curves 
is that the start of radial flow can be identified and the proper semi-log analysis 
(Homer, M.D.H.) can be performed. Both the analysis (log-log) and semi-log should 
be consistent ( K h ,  and skin values). In practice, what is done once a match is iden- 
tified in the type curve is to  obtain reservoir parameters using semi-log analysis and 
to compare their values with those obtained via the type curve. If an inconsistency 
is obtained, then use the semi-log values and redefine the match. The procedure 
can be time-consuming but is a way of validating the results. The values obtained 
can be used to simulate the sequence and events of the test, i.e., to  reproduce the 
pressure history corresponding to all changes in the flow rate that occurred during 
the actual test. In 1984, Bourdet et al. (1984a) introduced the use of the pressure 
derivative in addition to pressure versus time for the analysis of well-test data. The 
following year, Clark and van Golf-Racht (1985) presented a paper dealing with 
the use of pressure-derivative approach to transient test analysis of data collected 
in a North Sea reservoir. In these two papers, the fundamentals and applications 
of the pressure-derivative method were presented. The reader is advised to read 
these articles for a deeper understanding of the subject. I t  can be said that most 
of the pressure-interpretation systems available in the industry today include the 
pressure-derivative method as part of the analysis and as a diagnostic tool. 

Perhaps one of the major advantages in using the pressure derivative in conjunc- 
tion with pressure is the identification of the flow regime. For example, a radial flow 
regime has no characteristic behavior in a type curve; however, the pressure deriva- 
tive has a well known value and a definite shape according to  the expected behavior. 
Let us present the basic principle involved in the use of the pressure derivative. Ac- 
cording to Bourdet et al. (1984a), the dimensionless wellbore pressure during pure 
wellbore storage effect is given by: 

pD=- t D  

C D  
(1-27) 

and for an infinite acting radial flow (assuming constant flow rate) is represented 
by : 

+ 0.80907 + In CD e (1-28) 

Taking the derivative of the pressure with respect to the natural logarithm of 
time yields: 

Applying it to eqs. (1-27) and (1-28) we have, for pure wellbore storage: 

(1-29) 

(1-30) 
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and for infinite acting radial flow: 

tD -Pf, = 0.5 
C D  

(1-31) 

Figure 1-8 shows a type curve where both pressure and pressure derivative, 
( tD /CD)PA,  are graphed as afunction of tD/cD. Taken from Bourdet et al. (1984a), 
the figure shows a combined match. 

Basically, if only a pressure match is used, based on eq. (1-28) there are many 
possible CD e2’ curves where a match can be obtained. Specifically, all curves above 
CD eZs = 10’ match the data equally well. According to eq. (1-31), if radial flow 
has been obtained during the test, the derivative group ( tD/CD)PA should be a 
constant, no matter what the values of CD eZs may be. In this case radial flow 
is present thus making a unique match and therefore determining the appropriate 
value for CD e2’. The values obtained for K h  and S should agree with the semi-log 
analysis (Horner, M.D.H). It is worth mentioning that the uniqueness of the match 
is improved as long as we have data showing the wellbore storage and radial flow, 
as shown in this example. 

In many cases, besides getting the parameters such as K h ,  S and P*, more 
information regarding the nature of the reservoir is required, for example we need 
to find out about the presence of barriers, closed drainage areas, homogeneous or 
heterogeneous type of formations; as well as the condition of the well, e.g., fractured, 
acidized, etc. 

For these cases, the pressure-derivative (tD/CD)pf, behavior can be used as a 
“quick-look evaluation” due to its characteristic form. Figure 1-9, taken from Clark 
and van Golf-Racht (1985), illustrates this point. Heterogeneous, homogeneous and 
layered reservoirs are presented in terms of pressure and pressure-derivative behav- 
ior. As shown, semi-log and derivative plots are more resolutive than only log-log 
pressure plots for quick-look evaluations or diagnostics of well conditions and type 
of reservoir. For example, if during the test a surface-pressure read-out system is 
used to plot the pressure and the derivative of the obtained data simultaneously, a 
fractured well can be quickly identified: both the pressure and pressure derivative 
should show parallel straight lines having a slope of 1/2. If the test objective is to 
detect the presence of a fault, then we should expect a jump from a value of 0.5 
(dimensionless) in the derivative to 1. For closed systems, an interesting applica- 
tion of the derivative was presented by Proaiio and Lilley (1985). Figure 1-10 shows 
the pressure response and its derivative for a well in a closed square and located 
adjacent to one of the boundaries. 

Based only on pressure behavior, a quick look at the behavior of the data in- 
dicates a closed outer boundary effect. Looking at  the derivative, we can see that 
radial flow has been masked by the wellbore storage effect. Furthermore, the influ- 
ence of the sides of the rectangle in the form of faults is reflected in the derivative. 
Finally, both pressure and pressure derivative merge with a slope of 1 (log-log), 
indicative of a closed system. The reason to  expect such behavior on the deriva- 
tive was explained, among other authors, by Proaiio and Lilley (1985) and the 
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mathematical bases are reproduced here for completeness. 

by: 

PD = 0.5 In - + 0.80907 + 2 s  

For infinite acting radial flow, the dimensionless pressure behavior PD is given 

(1-32) 

A single no-flow boundary gives twice the response of that corresponding to an 

Based on eq. (1-32), pD is given by: 

) ( 2  
infinite acting system. 

(1-33) 

Then: 

For two faults intersecting at 90' the infinite acting response quadruples and pD 
is given by: 
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Fig. 1-9. Reservoir model and flow regime identification using pressure and pressure derivative 
behavior (after Clark and van Golf-Racht, 1985). Courtesy of SPE-AIME. 



Pressure-derivative analysis 21 

0 
a 
- 
0 
U . 
0 Y 

0 z a 

0 
a 

IOU 1 t 

103 1 U 

4.0 LINE 

2.0 LINE 

1.0 LINE 

//- 0.5 L I N E  

.- 
1o- I  l o o  l o1  lo2 l o 3  loq  los  lo6  lo7 l o e  

01flEf1510NLESS T l f l E .  t O / C O  

Fig. 1-10. Expected pressure and pressure derivative response in a drawdown test for a well located 
in a closed rectangle (after Proaiio and Lilley, 1985). Pressure derivative behavior is indicative of 
relative position of the well in the rectangle. Courtesy of SPE-AIME. 

taking the derivative: 

For a closed outer boundary and under pseudo-steady-state flow, PD is given by: 

(1-35) 

The derivative is given by: 

tDAPf ,  X2 2 d D A  

On log-log coordinates, both PD and tDAPf)  approach asymptotically a unit 
slope. 

Another example where the use of the derivative was found to be useful for 
system identification was presented by Joseph and Bocock (1986) for a transient 
test done in a bounded two-layered reservoir (Shengli field, China). 

Figure 1-11 shows the ideal expected behavior for both pressure and pressure 
derivative for a two-layered commingled system. The regions (A, B, C, D, E and 
F) shown in the figure are explained in detail in the above-mentioned reference. 
Basicalfy, region A is wellbore storage, B is transition, C radial flow for the system, 
D volumetric depletion of the higher flow-capacity layer, E transition to radial flow 
in the lower flow-capacity layer and finally F indicate that the total system goes to 
pseudo-steady-state flow. Figure 1-12 shows an application on real data. 
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Fig. 1-11. Expected pressure for a well completed in a two-layered commingled reservoir (after 
Joseph and Bocock, 1986). A = Wellbore storage; B = transition; C = radial flow for the system; 
D = volumetric depletion of the higher flow-capacity layer; E = transition to radial flow; F = 
closed boundary effect. Courtesy of SPEAIME. 
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Fig. 1-12. Type-curve matching (after Joseph and Bocock, 1986). Field data was obtained in a 
test conducted in a bounded two-layer reservoir, Shengli field, China. Courtesy of SPEAIME. 
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It was not an easy test to match, but it reflect the general trend expected for 
these systems. The reader is recommended to read the above-mentioned reference 
for a more detailed discussion of these systems. It can be that a multilayer reservoir 
is not simple to analyze if only pressure data are used. Transients based on flow-rate 
measurements are needed because the measured pressure in this system reflects a 
global (all layers) response, i.e., no matter in which layer in the well we position the 
tool, the pressure response will not reflect that of the particular layer: it corresponds 
to the whole system. 

What is presented here can be considered a general introduction to the use of 
the pressure derivative in well-test interpretations. At this moment, a book could 
be written on the subject. To finalize, it has to be pointed out that in using the 
derivative, care should be taken as to the differential algorithm used to process the 
real data. Bourdet et al. (1984a) pointed out the problems involved, using different 
differentiation algorithms and also the application to real data, which are affected 
by noise and tool resolution. These are practical aspects that should be considered 
when making an interpretation using the derivative. 

1.6. Interpretation using simultaneously measured pressure and sand- 
face flow rate 

During 1983 a number of papers dealing with well-test interpretations based on 
in-situ measurement of flow rate (during after-flow) drew the attention of many 
people concerned with test interpretation. The idea of in-situ flow-rate measure- 
ment is not new from the theoretical viewpoint. It was already suggested by Van 
Everdingen and Hurst (1949); however, at  that time the technology of flow-rate 
measurements (transients), which is based on the resolution of flowmeters was lim- 
ited as regards the magnitude of the flow rate to be measured, in particular low flow 
rates, and multiphase flow present in the wellbore. This is why the interpretation 
has mostly been based on pressure measurements because of the high accuracy and 
resolution of pressure gauges. As was pointed out by Earlougher and Kersh (1974), 
most of the interpretation models are based on transient-pressure measurements; 
flow rates are either measured at  the surface or computed assuming a constant 
wellbore storage coefficient due to the lack of a high-resolution spinner. 

At present, much research is being done on the development of high-resolution 
spinners that are capable of measuring the downhole flow rate during the well- 
bore storage effect, thus avoiding certain assumptions such as a constant flow rate 
during a drawdown test. Furthermore, the real formation-pressure behavior can be 
obtained during the after-flow period which reduces the time of the test consider- 
ably; this is very important for tests conducted in wells completed in very tight 
formations. 

In principle, the interpretation of simultaneously measured pressure and flow 
rate is based on two methods: convolution and deconvolution. In the next sections 
a brief explanation of each method is given. 
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1.6.1, Convolution 

Meunier e t  al. (1983) presented a paper dealing with the interpretation of pres- 
sure build-up tests using in-situ measurements of the flow rate during the wellbore 
storage effect. The basic idea that arises from their work is that of having a tool 
capable of direct measurements of sandface rate and pressure; the interpretation 
can then be made without resorting to classic ways of estimating the sandface flow 
rate using bottomhole pressure and surface production rates which implicitly re- 
quire that the wellbore storage coefficient is a constant. Let us clarify the point by 
using the superposition theorem as presented by Van krerdingen and Hurst (1949). 
The dimensionless wellbore pressure drawdown for an initially static well, starting 
production at  time 1 = 0 is given by: 

(1-36) 

where: 

PD is the dimensionless constant rate solution of the flow equation, and qD is the 
dimensionless sandface rate. 

Assuming that the sandface flow rate is given by the relationship: 

and after substituting this in eq. (1-36), an equation is obtained with only two 
variables, pressure and time (CD is constant); the solution to  this equation is the 
basis for the generation of type curves. Figure 1-13, from Meunier et al. (1983) 
shows the wellbore storage coefficient as a function of time. 

It is seen that the wellbore storage coefficient is not constant during the period 
of wellbore storage effect. This means that a rigorous solution for the interpretation 
should be based on eq.( 1-36), not assuming a constant wellbore storage coefficient. 

Kucuk and Ayesteran (1983) presented a good summary of the work by Meunier 
et al. (1983) that helps us to  understand the idea involved in “convolution” and the 
“Modified Horner Method”. In essence, eq. (1-36) can be solved in a very simple 
manner if a function PD is assumed. 

In particular, if the log approximation for PD holds, eq. (1-36) is transformed, 
in oilfield units, to: 
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Fig. 1-13. Time dependence of the wellbore storage coefficient (after Meunier et al., 1983). During 
the effect of wellbore storage, the coefficient C is not constant. Courtesy of SPEAIME. 

where: 

APwf(t) = p, - Pwr(t) 

S = 0.87s + log( ~ ) - 3.227 
#Pctr: 

162.6pBq 
K h  

m =  

Equation (1-37) can be rewritten as: 

AP, - mS,f qb(7) log(t - T) dT 

qD(t) - qD@> 

where b = Srn 

+ b  

(1-37) 

(1-38) 

(1-39) 

(1-40) 

Approximating the convolution integral by the Riemann sum gives the following 
expression: 

(1-41) 
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Equation (1-41) is the equation used to analyze multi-rate test. A plot of the 
left-hand side versus the summation term on the right-hand side should give us a 
straight line with slope m and intercept b 

Based on these concepts, Meunier et al. (1983) analyzed the Horner method and 
introduced what is called the “Modified Horner Method”. For the shut-in case, the 
expression for the wellbore pressure is given by the sum of three terms: 

PD(~D + A ~ D )  - P D ( ~ D )  (1-42) 

which is the classical build-up time function, a rate-convolved time function given 
by: 

(1-43) 

and the skin pressure drop: 

S q D ( A t D )  (1-44) 

Following Meunier et al. (1983), the dimensionless shut-in pressure drop is given 
by: 

P ~ D  = PD(~D + A ~ D )  + ~ D ( A ~ D )  + S ~ D ( A ~ D )  (1-45) 

where: 

(1-46) 

and is called the “sandface rate-convolved time function”. The field unit version of 
eq. (1-46) is: 

p?, - P,, = m [log(t + At) + c(At) + S q ~ ( k ) ]  (1-47) 

which can be written in the form: 

E - P,, = m [M + S q D ]  

where: 

(1-48) 

M log(t + At) + E(At) (1-49) 

is the rate-convolved build-up time function. A plot of p?, - PWs versus the right- 
hand side of eq. (1-48) is called a Modified Horner graph. In a similar manner, for 
the M.D.H. graph, Meunier et al. (1983) came up with the equation: 

(1-50) 

while the plot of 
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should give a straight line with slope rn and intercept equal to rnS. 
Meunier et al. (1983) presented an example of an application in which a compar- 

ison of the conventional Horner and M.D.H. graphs with those modified according 
to eqs. (1-48) and (1-50) is given. Figures 1-14 and 1-15 show the differences. The 
main conclusion is that the semi-log straight line starts more than one cycle ahead 
when performing convolution analysis as compared with conventional graphs. Ku- 
cuk and Ayesteran (1983) presented the mathematical treatment for the Horner 
and Modified Horner graphs regarding the start of the semi-log straight line. The 
approximate start of the Modified Horner semi-log straight line is given by: 

t~ = CD [7 + ln(1n CD + 2S)l (1-51) 

Comparing this expression with: 

- (60 + 3.5 S )  (1-52) t D  

or the (‘1; log-cycle” rule of thumb, the straight line starts a t  least one cycle earlier 
in the Modified Horner graph. 

_ -  
CD 

1.6.2. Deconvolution 

In the previous section, a method was presented based on flow-rate measurements 
during the after-flow or wellbore storage effect period. It was shown that by not 
making the assumption of a constant wellbore storage coefficient and therefore not 
computing the sandface flow rate based thereon, but rather by measuring this rate 
and using convolution analysis, the semi-log straight line starts at  least one log cy- 
cle earlier as compared to conventional analysis in both the Modified Horner graph 
and the Modified M.D.H. graph. A main assumption involved in the convolution 
method is that the formation-pressure drop can be approximated by the logarithmic 
expression or line-source solution, i.e., the convolution method assumes a model for 
the formation-pressure drop. However, by measuring both wellbore pressure and 
sandface flow rate, it is possible to obtain the formation-pressure drop by decon- 
volution. This means that we are not assuming any interpretation model such as 
the solutions given in type curves, rather we are computing the formation-pressure 
drop and eventually this is the solution to be matched with existing models such 
as that of type curves. Basically, the idea is to obtain P,D from the relationship: 

(1-53) 

Equation (1-53) can be solved analytically using the Laplace transform proper- 
ties. In Laplace space, eq. (1-53) is given by: 
- 
P w ~  = S~DP,D (1-54) 
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or : 

P,D can then be obtained by inversion: 

where: 

29 

(1-55) 

(1-56) 

(1-57) 

The practicality of this method when applying it to  real data, specifically q ( t )  
data, has been pointed out by Kucuk and Ayesteran (1983). Basically, approxima- 
tion functions must be used for q ( t )  data. The Laplace transform deconvolution 
can be considered one of many methods of obtaining the formation-pressure drop. 
As presented by Kucuk and Ayesteran (1983), other methods are used in practice, 
based on the linearization of the convolution and curve-fit approximations. The 
reader interested in the advantages and disadvantages of each method is referred 
to this work. 

1.6.3. Examples of application 

An example of the application of both convolution and deconvolution methods 
was given by Ahmed et al. (1985). In their work, the use of the method for low- 
permeability reservoirs is emphasized. It is known that worldwide there are many 
reservoirs with a permeability lower than 0.01 mD. Tests (build-up) conducted in 
wells completed in these reservoirs are characterized by a long duration in order to  
be able to see the formation properties (radial flow) unless we use a downhole shut- 
in tool. One of the main conclusion presented by Ahmed et al. (1985) is that for 
their example using the deconvolution method, the start of analyzable data was at 
about 0.3 minutes as compared to 540 minutes using conventional analysis. Figures 
1-16 to 1-20, taken from their work, show the use of convolution and deconvolution 
methods compared to  a conventional type-curve match (constant wellbore storage 
coefficient). 

In this example it is worth mentioning that by using convolution and deconvo- 
lution techniques, in addition to radial flow, linear and bilinear flow regimes could 
be identified that were influenced by wellbore storage and therefore not observed 
in conventional analysis (not using q ( t ) ) .  

1.7. Wellbore storage deconvolution 

Regarding conventional analysis and in relation to  suppressing the wellbore stor- 
age effect on the data, it has to be pointed out that if we assume a constant wellbore 
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Shut-in Time (hrs) 
Fig. 1-16. Log-log diagnostic plot-typecurve match (after Ahmed et al., 1985). A good fit for 
early time data is lacking (constant wellbore storage assumption). Radial flow starts at 9.57 hours. 
Courtesy of SPE-AIME. 
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Fig. 1-17. Conventional type-curve matching analysis (not using flow- rate measurements). A 
permeability value of K = 0.123 mD is obtained from the match. Courtesy of SPEAIME. Courtesy 
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Fig. 1-18. Data analysis using convolution techniques (after Ahmed et al., 1985). Compared to 
Fig. 1-16 a better match is obtained using simultaneous measurements of pressure and flow rate. 
Radial flow starts at 0.3 minutes. Courtesy of SPE-AIME. 
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Fig. 1-19. Use of deconvolution in a log-log diagnostic plot of the data shown in Fig. 1-16 (after 
Ahmed et al., 1985). Courtesy of SPE-AIME. 
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Fig. 1-20. Type-curve matching using deconvolved pressure data for the example shown in Fig. 
1-16 (after A b e d  et al., 1985). Courtesy of SPE-AIME. 

storage coefficient, the removal of this effect on the data can be done in a very simple 
manner, as shown by Bourdet and Alagoa (1984). 

Based on the convolution product defined by Van Everdingen and Hurst (1949), 
the authors showed that a plot of the group: 

AP(tn) 

versus 

for drawdowns, and versus 

for build-ups, reaches the usual semi-log straight line at  an early time, when the 
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Fig. 1-21. Wellbore storage deconvolution (after Bourdet and Alagoa, 1984). A constant wellbore 
storage coefficient is assumed. Compared to the conventional Horner graph, radial flow begins at 
about 1 hour. Courtesy of World Oil. 

conventional semi-log Horner plot is still distorted by wellbore storage. 
Figure 1-21 shows a Horner plot where original data and those corrected for well- 

bore storage effects are compared. The start of the semi-log straight line is after 
about 1 hour as compared to  10 hours in the case of wellbore storage- dominated 
data. The technique presented by Bourdet and Alagoa makes use of both pressure 
and pressure derivative, thus a type-curve match can be made even though well- 
bore storage effects are still present. As pointed out by the authors, by using this 
method, there is no need for flow-rate measurements, but requires only that the 
wellbore storage coefficient is constant. An appropriate name for this method is 
“wellbore storage deconvolution” and it should not be confused with the deconvo- 
lution method presented in the previous section where the main objective was to 
find the formation-pressure drop (not affected by wellbore storage effects). 
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Chapter 2 

Naturally Fractured Reservoirs 

2.1. Introduction 

In this chapter the characteristics of a naturally fractured reservoir are consid- 
ered. Naturally fractured reservoirs differ from homogeneous reservoirs from many 
points of view: geological, petrophysical, production and economics. We may think 
of fractured reservoirs as initially homogeneous systems whose physical properties 
have been deformed or altered during their deposition. As a consequence, it is not 
always easy to  match the behavior of these systems, specifically to  forecast their 
production. 

There are numerous cases that a well starts producing at  a high rate, but that 
within 1 or 2 months its production declines without a clear explanation of the 
problem. There are many fractured reservoirs throughout the world that are good 
producers (e.g., in Iran, U.S.A., Venezuela): reservoirs for which even today, after 
having produced for more than twenty years, a good historical match is question- 
able. There are many models, geological and mathematical, based on sound physical 
principles, that have failed to  predict the behavior of these systems. A key question 
in exploration is that of defining reserves. In a system consisting of fractures, blocks 
(primary porosity), vugs and fissures, defining where most of the fluid is stored has 
become a controversial issue. During drilling, several factors such as loss of circu- 
lation and change of rate of penetration are good indicators of fractures besides 
core analysis. A log suite run in these wells may reveal the existence of fractures 
depending upon the resolution of the tool and the existing lithology. However, are 
these fractures located only around the well? How far away are they from the well? 
A pressure-transient test conducted in these systems may reveal a flow behavior 
associated with a homogeneous formation or with a multilayered system, therefore 
making a non-unique description for the reservoir under study. 

2.2. Reservoir description 

It is not the intention here to  explain the origin of fractures; we will only to 
describe the basic reservoir aspects of those systems that are more relevant for 
mathematical modelling and simulation. Figure 2-1, taken from Beck et al. (1977), 
shows a core from a fractured reservoir. 

In general, it is a question of a heterogeneous porous medium in which the 
openings (fissures and fractures) vary in size. Fractures and openings of large size 
form vugs and interconnected channels, whereas the fine cracks form block systems 
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Fig. 2-1. Austin Chalk core photograph (after Beck et al., 1977). The vertical fractures are cleaving 
the chalk into thin vertical sheets. Courtesy of SPWLA. 
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Fig. 2-2. Photographs of completion cores in La Paz wells (Cretaceous limestone). It is believed 
that the oil reservoim are located only in the natural fissures of the formation. 

which are the main body of the reservoir. The porous block store most of the fluids 
in the reservoir and are often of low permeability whereas the fractures have a low 
storage capacity and high permeability. The cases are numerous where the systems 
have only fracture storage, i.e, the matrix has no primary porosity. The La Paz 
reservoir (Dikkers, 1964) is an example. Here, the fractures store most of the fluid 
and are responsible for the production. Figure 2-2 shows a core taken in a well 
drilled in La Paz. 

Core analysis revealed permeabilities below 0.1 mD and porosities not exceeding 
10%. According to Dikkers (1964), it was in order to explain the high productivity 
of some wells with such low porosity and permeability values, that the concept of 
fracture porosity was introduced. The attitude of the fractures was proved to be 
about normal to the bedding plane. In the case of La Paz, the total reiervoir volume 
is contained in fractures that vary in size and distribution. Other reservoirs like the 
Ellemburger fractured reservoirs (Hubbert and Willis, 1955) in the United States, 
are characterized by a composite porosity and permeability. In this case, matrix 
permeabilities are very small (less than 0.1 mD) and the fractured permeabilities 
range from 5 t o  50 mD. It  is not possible to cover here the characteristics of more 
than 80 representative fractured reservoirs distributed in many parts of the world. 
In general, it can be said that on average the fracture porosity is less than 0.5%. The 
type of structure in the majority of cases is an anticline. Regarding the lithology, 
it is mainly limestone, dolomite, cherty silicious shales and shale. 
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2.3. Producing from a fractured reservoir 

Probably the more distinctive aspect regarding the low production from a frac- 
tured reservoir is that this is mainly due to  the presence of fractures, i.e, taking 
into account the low matrix permeabilities, it is very hard to  believe that a well 
completed in the matrix of such systems will have a high production. The Spraberry 
reservoir (Hubbert and Willis, 1955) is a good example. The production of some of 
the wells in this reservoir could not be explained only from calculated reservoir in- 
tergranular permeabilities. There must exist a fracture permeability. Another very 
pronounced characteristic is that the production performance of the wells differs 
very widely. There are good and poor producers. Others are initially good producers 
but after a short time a sharp decline in production and pressure is observed and 
an early increase in the gas/oil ratio. This behavior is not common for a conven- 
tional (homogeneous) reservoir and is not associated with natural depletion either. 
A typical production problem when dealing with fractured intervals is the loss of 
circulation. Although the latter is a good indicator of the presence of fractures, 
it can plug the production if not properly treated. Such a production case is pre- 
sented by Bracho (1984). Here an open-hole production test was programmed for 
identification of fractures. The negligible rate observed for the tested intervals led 
the author to  conclude that either a mud invasion during drilling had caused great 
damage to the formation or that low-permeability fractures were present which 
were not in communication with the main fissure system. In this case, the presence 
of fractures was detected using a combination of temperature and variable density 
logs. 

2.4. WeII-test analysis 

2.4.1. lntroduction 

The identification of fractures is essential during exploration. During drilling 
there are certain factors such as loss of circulation, mud cut by oil and gas, and 
change in rate of penetration that may be associated with the presence of natural 
fractures. Well logs are a useful tool in identifying them. However, it seems that 
there is no unique set of logs for a particular reservoir, but that some logs are bet- 
ter than others, depending on the characteristics of the reservoir or the well under 
study. The logs may also detect fracture geometry around the well. The separation 
in resistivity curves shown in a resistivity-based type of log may be indicative of 
fracture orientation, thus leading to a better description of the fracture system we 
are dealing with. In reality, a program for fracture detection based on logging tech- 
niques consists of using different logs. For example, the Borehole Televiewer log, 
which is run continuously, can identify induced and natural fractures with a high 
degree of success. Combining this tool with acoustic, resistivity and temperature 
logs, we may obtain a realistic picture of fractures, and even of their width and 
orientation in the vicinity of the wellbore. Some of the problems associated with 
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the use of these techniques are not due to the particular tool used but to the well- 
bore condition and type of mud used that limits the operation of the logging tool. 
According to Bracho (1984), due to the non-conductive nature of the mud used in 
the well studied, only the variable density log was successful in defining fractured 
intervals. However, it has to be stressed that both core analysis and logging are 
valuable techniques, specifically for exploration wells in detecting fracture porosi- 
ties, permeabilities and the nature of the matrix or intergranular porosity. Adding 
information from structural geology and seismic, the continuity and distribution of 
fractures may be inferred. Corrections to the proposed model will be made during 
the development of the field. 

Besides core analysis and other related techniques, there are methods based on 
the fluid-flow behavior characteristics for these systems. Information provided by 
production and pressure tests can be used to detect and evaluate fractures, both 
at the well and in a representative volume of the formation being tested (Van 
Golf-Ftacht, 1982). Although according to Stearns and Friedman (1972), a well- 
test analysis is a highly recommended technique for fracture evaluation, its use is 
still not well understood, probably because of the non-uniqueness of the solution 
obtained. The observed behavior in the flow-rate production or in the pressure in a 
build-up test can be attributed to many different factors other than fractures such 
as faults, stratification, and heterogeneities, i.e., there is no unique answer; the 
result is that pressure-transient analysis becomes a controversial issue as regards 
fractured reservoirs. However, there are many wells drilled where no core was taken 
and the logs do not show any evidence of fractures, this renders well-test analysis 
as the only technique for inferring information about the fractured nature of the 
formation. Well-test analysis, specifically pressure-transient tests, either in one well 
or in several wells simultaneously, can provide information on fractured directional 
permeabilities. The reservoir parameters obtained from these tests, such as the 
permeability and porosity, are representative of a large volume of the reservoir under 
study and they can be used in production forecasting and reservoir simulation. 

2.4.2. Available models for interpretation 

Before entering into an analysis of the published models used in well-test inter- 
pretations for fractured or fissured reservoirs, a brief literature survey is necessary 
for a better understanding of each of these models. According to Hubbert and Willis 
(1955), the first representative fractured reservoir was discovered in 1880. However, 
well-test analysis methods for interpretation were not available before the 1950s and 
they were only applicable to homogeneous formations. One of the most important 
and practical methods was that presented by Horner (1951). Basically, Horner pro- 
posed a simple method consisting in graphing shut-in, bottomhole pressure against 
the logarithm of (tP + At)/At. The slope of such a graph is related to the perme- 
ability thickness product of the formation. The Horner method is still widely used. 
In presenting his method, Horner pointed out that it is not applicable to fissured 
formations. As development of the oilfields continued, more characteristics regard- 
ing the kind and type of fissures were obtained. The result was that the physical 
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NOMENCLATURE 
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Subscripts 

AD 
D, l D ,  2D, 3D 
f 
fD 
m 
ma 
mD 

1 
2 

ws 

constant in the Odeh method 
slopes in the Pollard method, cycles/hour 
dimensionless slopes in the Pollard method. 
area of matrix blocks 
ordinate intercept in the Pollard method, psi 
dimensionless ordinate intercept in the Pollard method 
fracture compressibility, psi-' 
matrix compressibility, psi-] 
ordinate intercept in Pollard plot, Psi 
dimensionless ordinate intecept in Pollard plot 
formation thickness, ft 
fracture permeability, mD 
matrix permeability, mD 
permeability in primary porosity system, mD 
permeability in secondary porosity system, mD 
pressure, psi 
average pressure, psi 
fracture pressure, psi 
dimensionless fissure pressure 
matrix pressure, psi 
dimensionless matrix pressure 
wellbore flowing pressure, psi 
dimensionless wellbore pressure 
shut-in pressure, psi 
volumetric pressure in primary porosity system 
volumetric pressure in secondary porosity system 
change in pressure, psi 
volumetric rate, bbl/day 
flow rate from matrix to fissures 
radial distance, ft 
dimensionless radius 
external outer boundary radius, ft 
dimensionless outer boundary radius 
wellbore radius, f t  
skin factor, dimensionless 
time, hours 
dimensionless time based on area 
elapsed time, hours 
dimensionless time 
ratio of total volume of medium to bulk volume 
vertical distance, ft 

dimensionless, based on area 
dimensionless 
fissure 
dimensionless (fissure) 
matrix 
matrix 
dimensionless (matrix) 
shut-in, wellbore 
refers to matrix medium 
refers to fissure medium 
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NOMENCLATURE (continued) 

Greek symbols 

cy 

P 
6 
x 
f i  

P 
7 

9 
cf, 

cf,i 
W 

interporosity flow shape factor, ft-2 
ratio of total fissure volume to bulk medium 
fracture thickness, ft 
dimensionless matrix/fracture permeability ratio 
viscosity, CP 
density, slug/ft3 
dummy integration variable 
porosity, fraction 
flow poptential, psi 
initial flow potential, psi 
dimensionless fracture storage 

principles of fluid flow in fissured formations became a matter of concern, and re- 
search in this area was emphasized. Based on the type of fissuring found in the 
limestone reservoirs of the Middle East, which are mainly characterized by natural 
fissures of great extent, Baker (1955) presented a method of determining the range 
of fissure sizes and volume in a reservoir. He modeled the system using the concept 
of fluid flow through parallel plates as given by Lamb (1932), Muskat (1937) and 
Huitt (1956). The equation used was: 

gcbwf2 d P  
q =  -=dL 
where: q = volume of flow per unit length; wf = width of fracture; b = depth of 
fracture; dP/dL = pressure gradient in the direction of flow; gc = conversion factor; 
and p = absolute viscosity. The equation is valid only for steady state flow. 

Pollard (1959) presented one of the first pressure-transient models available for 
the interpretation of well-test data from fissured formations. The Pollard method 
involves a semi-log graph of log(P - P,,) vs. At. A typical graph is shown in Fig. 
2-3. The interpretation of this method is based on the following equation: 

p - p + (P - Pwf - c - D )  e-a3*t (2-2) 
- c e-alAt + D e-aaAt 

ws - 

This equation can be expressed in dimensionless form as: 

( p  - Pws)D = C D  exp[--iDw&~AtAD] + DD exP[-a2D7&AtAD] 
+ (p - p w f  - c - D ) D  exp[-QDT&AtAD] (2-3) 

The constants C ,  D ,  Al,  A2 and A3 are obtained from the slopes and the ordinate 
intercepts, as shown in Fig. 2-3. These constants are related to the permeabilities 
and the pore volumes of the fine voids and coarse fissures in the reservoir. The skin 
effect can also be obtained from such a graph. The Pollard technique assumes a 
system in pseudo-steady state, and no particular geometry is involved. The math- 
ematical development in the method is based on the assumption that the reservoir 
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Fig. 2-3. The Pollard plot (after Pollard, 1959). The slopes and intercept values .we related to the 
permeabilities and pore volume of the fine voids and coarSe fissures in the reservoir. 

void spaces consist of two types: fine voids and coarse communicating voids, a con- 
cept that according to  Dikkers (1964) was applicable to  the La Paz field at that 
time. 

Barenblatt et al. (1960) introduced the physical principles of a fissured rock sys- 
tem: “A porous rock with a highly developed system of fissures can be represented 
as the superposition of two porous media with pores of different sizes.” The porous 
media are coupled to  each other by the fact that there is a liquid exchange between 
the two. In each point in space, we can consider two pressures and two velocities 
of the liquid: PI and V1 for the liquid in the fissures and P2 and Vz for that in the 
blocks. The interaction of these media can be expressed by the relation: 
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(2-4) q = pa(P2 - Pl)  

where a is a characteristic of the fissured medium. Applying the continuity equation, 
Darcy’s law and assuming a slightly compressible liquid, Barenblatt e t  al. came up 
with the following equation: 

Their theory can be considered as the initial step in the formulation of the 
mathematical modelling of a naturally fractured system. 

Warren and Root (1963) presented a model based on the mathematical con- 
cept of superposition of two media as previously introduced by Barenblatt et al. 
The authors based themselves on the fact that in the most general case both pri- 
mary and secondary porosity is present in the reservoir: “An independent system 
of secondary porosity is superimposed on the primary or intergranular system. The 
obvious idealization of an intermediate porous medium is a complex of discrete 
volumetric elements with primary porosity which are anisotropically coupled by 
secondary voids.” 

The idealization of the heterogeneous porous media is shown in Fig. 2-4. 
The material with the primary porosity is contained within a systematic array 

of identical rectangular parallelepipeds. The secondary porosity is contained within 
an orthogonal system of continuous uniform fractures which are oriented such that 
each fracture is parallel to  one of the principal axes of permeability. Flow can occur 

FRACTURE MATRIX FRACTURES 

ACTUAL RESERVOIR MODEL RESERVOIR 
Fig. 2-4. Warren and Root’s idealization of a naturally fractured reservoir (after Warren and Root, 
1963). Courtesy of SPE-AIME. 
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only between the primary and secondary porosities but not through the primary 
porosities. Applying the continuity equation to this geometry, Warren and Root 
(1963) came up with the following equations (in dimensionless form): 

where w and X are two parameters characteristic of the particular reservoir under 
study. These two parameters are sufficient to characterize the deviation of a fissured 
reservoir from that of a homogeneous porous medium. Probably the most impor- 
tant contribution of the study is that it considers a variety of sedimentological cases 
and, as compared to previous models here the matrix contributes to the production 
through the fractures, i.e., the model considers the general case of a fissured reser- 
voir. Also, a homogeneously distributed porosity is considered as a limiting case in 
the model. It happens when w= 1 or X = 00. As defined by Warren and Root, w 
and X are given by: 

4 2 c 2  

(41G + 42C2) 
w =  

1 - 1  2 

K2 
X = a-r, (2-9) 

According to the expressions given by eqs. (2-8) and (2-9), w is a dimensionless 
parameter relating the “fluid capacitance” of the secondary porosity to that of the 
combined flow. Warren and Root (1963) gave the expressions for the pressure as 
a function of time, w and X for both an infinite and a finite reservoir for a well 
producing at  a constant rate: 

-XtD 

P,D = 1 2 [ IntD + 0.80908 + Ei ( w ( l - w ) ) - E i ( $ ? $ ) ] + s  

for an infinite reservoir, and: 

(2- 10) 

(2-11) 

for a finite reservoir. 

reservoir. In eqs. (2-10) and (2-11), tD is defined as: 
However, they only emphasized the use of the solution for a well in an infinite 
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(2-12) 2.637 x 10-41(ft 
(4fCf + 4mCm)pr;  

t D  = 

Figure 2-5 shows the solutions as given by eq. (2-10) for the drawdown case. 
The solution for X = 00 can be used for comparison with the homogeneous 

solution. Two straight parallel segments are shown as characterizing the drawdown 
solution. For each set of values for w and A there is a solution. The straight lines are 
vertically displaced by an amount equal to In( 1/m. Based on this, it is possible to 
obtain w from a drawdown test; however, Warren and Root (1963) do not emphasize 
the way to find w and X in practical or field cases. Also presented in their paper is 
the solution for the pressure build-up response as obtained by superposition: 

(2-13) 

Figures 2-6 and 2-7 show the Homer-type plots which Warren and Root (1963) 
used to point out that the double-slope type of behavior shown in the build-up 
is dependent on the value of A, i.e., for instance, for X = 5 x lo-' there is no 
indication of two parallel semi-log straight lines, as compared with the case in which 
A = 5 x Also in this case, using only the first straight line for extrapolation 
to obtain an estimate of the initial or average reservoir pressure will be erroneous 
by the amount m x log(l/w). Looking at the shape of the build-ups, Warren and 
Root pointed out that it may be attributed to stratified reservoirs as well, and that 
additional information about the reservoir and well completion is needed to  avoid 
confusion when making the interpretation. The Warren and Root model has been 
the subject of numerous studies as to its applicability and extensions to the original 
model were made by various authors as we will see in the next sections. 

Odeh (1965) presented a model for the interpretation of pressure-transient data 
taken in wells completed in naturally fractured formations. He concluded that there 
is no distinction between fractured and homogeneous reservoirs based on pressure 
build-up and/or drawdown data. According to Odeh in his analysis of data from var- 
ious fractured reservoirs, no two parallel semi-log straight lines were ever observed 
and probably this led him to conclude that the equation describing the behavior of 
a fissured reservoir is identical in form and function to that describing the unsteady 
state behavior of a homogeneous reservoir. Odeh's equations to describe the flow 
are: 

and: 

(2-14) 

(2-15) 



46 Naturally fractured reservoirs 

12, 

a 
0 
a 
n 

a 
w 
3 
m 
v) 
w 
a a 
m 
cn 
w 
-I 
z 

m 
z 
W 
I 

0 

- 
n 

n l  I 
U 

loo 10’ lo2 lo3 lo4 lo5 lo6 lo7 lo8 lo9 ido 
DIM ENSIONLESS TIME 

Fig. 2-5. Semi-log plot showing the dimensionless pressure solutions as a function of time for several 
values of w and X (after Warren and Root, 1963). Drawdown case; infinite reservoir. Courtesy of 
SPEAIME. 
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Fig. 2-6. Horner-type plot showing several pressure solutions depending on the value of w (after 
Warren and Root., 1963). Fixed A ,  equal to 5 x infinite reservoir. In this case, two semi-log 
straight lines are present for all values of w. Courtesy of SPE-AIME. 

This system of equations was solved by Odeh to obtain the solution for the 
bottomhole pressure versus time: 
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Fig. 2-7. Horner-type plot showing several pressure solutions depending on the value of w (after 
Warren and Root, 1963). Fixed A, equal to 5 x lo-’; infinite reservoir. Compared to Fig. 2-6, 
there are no two semi-log straight lines due to the different value for A. Courtesy of SPE-AIME. 
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(2-16) 

In eq. (2-16) Odeh neglects the exponential-integral terms and for aI1 practical 
purposes, he came up with: 

(2-17) 

A comparison is made of eq. (2-17) with the expression for the pressure behavior 
for a homogeneous reservoir as given by Horner: 

(2-18) 

Based on the similarity of eqs. (2-17) and (2-18), Odeh concluded that for a 
naturally fractured reservoir, a Horner plot will show a straight line similar to  a 
homogeneous reservoir. Warren and Root (1965) showed in a later publication that 
Odeh’s model is actually equivalent to theirs, being a particular case, as is seen 
by making appropriate substitutions of parameters. Nevertheless, an interesting 
aspect from Odeh’s presentation is the fact that many fractured reservoirs behave 
like homogeneous ones when pressure build-up data are analyzed] although this is 
a limiting case as considered by Warren and Root. 

Kazemi (1969) presented a model for pressure-transient analysis of naturally 
fractured reservoirs with uniform fracture distributions. He idealized a fractured 
reservoir as consisting of a set of uniformly spaced horizontal matrix layers with 
the set of fractures as spacers. In a way, it is like a two-layer system as shown in 
Fig. 2-8 with a high permeability contrast between layers, such that even if the 
matrix contributes to the flow into the wellbore, it makes no difference. 

The flow in the entire reservoir is in unsteady state and is described by the fol- 
lowing equations (Kazemi, 1969). 

Matrix flow: 

l d  6 h -- (rg) + 2 = *E- for - < z < -, r,<r < re 
r dr 8.22 I(, dt 2 2 (2-19) 

Fracture flow: 

dO 6 la (I<frg) + K, (”) = +fpCf- for 0 < z < -, r,<r < r e  r d r  612 3.z 2=6i/2 dt  2 

(2-20) 

The following conditions are maintained: 

6 h 
2 2 

f o r - < z < - ,  r = r , a n d r = r ,  - 0 d@ 
dr 
_ -  
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Fig. 2-8. Kazemi’s idealization of a fractured reservoir (after Kazemi, 1969). The figure shows a 
representative section of the reservoir. Courtesy of SPE-ADME. 
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Fig. 2-9. Wellbore pressure solution as given by Kazemi’s model and comparison with Warren 
and Root’s model (after Kazemi, 1969). Duration of the first semi-log straight line is shorter as 
predicted by Kazemi’s model. Courtesy of SPE-AIME. 
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Fig. 2-10. Wellbore pressure solution as given by Kazemi’s model for finite systems and comparison 
with Warren and Root’s model (after Kazemi, 1969). Second straight line is not parallel to the 
first when boundary effects are present. Courtesy of SPEAIME. 

h 
for r,  < r < re, t = 0 and z = - 

2 
- 0 - - a@ 
a z  

As initial conditions, we have: 

Q,(r, z ,  0) = Q,i 

where 0 is defined as: 
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Fig. 2-11. De Swaan’s idealization of a fractured reservoir consisting of horizontal fractures and 
blocks shaped as infinite slabs (after De Swaan, 1976). Courtesy of SPEAIME. 

Kazemi (1969) presented solutions for both pressure drawdown and build-up syn- 
thesized systems. He compared his results with those obtained using other models 
previously published, in particular the Warren and Root model (see Figs. 2-9 and 
2-10, after Kazemi, 1969). 

Although the Kazemi and Warren and Root models are conceptually different] 
the comparison is made to see the differences. Like Warren and Root, Kazemi also 
obtained two semi-log straight lines but in his the duration of the first straight line 
is shorter as compared with Warren and Root, as is seen in Fig. 2-5. However, for 
the build-up case there is more agreement. The difference is attributed to the fact 
that transient flow is considered for the matrix in Kazemi’s model. Another major 
difference is for finite systems (see Fig. 2-10). In the case of build-up, Kazemi pointed 
out that the second straight line is not parallel to  the first one for the case where the 
boundary effects have been sensed at  the wellbore. In conclusion, Kazemi presented 
a model in which transient flow is considered for the matrix-fracture interaction 
as compared with previously published models. Nevertheless the wellbore pressure 
solutions obtained are very similar to those obtained with the Warren and Root 
model. 

De Swaan (1976) presented a model for determining naturally fractured reser- 
voir properties using well-test interpretation, The model considers transient state 
behavior for the primary porosity. Two geometries were considered: horizontal frac- 
tures and blocks in the shape of infinite slabs (see Fig. 2-11)] and spherical matrix 
blocks. 

The author made use of the fact that the shape of the matrix blocks can be 
approximated by regular solids where the transient-pressure behavior is given by 
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known functions from the heat flow theory. Basically, we have the equation gov- 
erning the fluid flow in the fractures considering an external source (matrix) as in 
other models. However, as a difference, the expression for the flow from blocks to 
fractures is described by a convolution: 

(2-21) 

This term is substituted in the diffusivity equation for the fractures, yielding the 
following governing equation: 

(2-22) 

De Swaan (1976) gave solutions valid for early and long times. Two parallel 
straight lines are presented in the semi-log plots of pressure drawdown behavior 
(see Fig. 2-12). 

However, no solution is provided for the transition period. Based on De Swaan’s 
theory, Najurieta (1980) presented solutions for all values of radial distance and 
time. The results were compared with those of other authors such as Kazemi and 
Warren and Root. The solution provided by Najurieta for the behavior of wellbore 
pressures was dependent on four parameters a, b ,  d and the slope m. 

Figure 2-13 shows the solutions presented by De Swaan and those obtained by 
means of the Kazemi and Warren and b o t  models. 

2.5. Comparison of existing models for well-test interpretation 

In the previous section, the more relevant models for pressure-transient testing 
interpretations of fractured reservoirs were presented. Each model was presented 
as it appears in the literature. In this section, a critical analysis is made of the 
differences and similarities between the models. The emphasis will be laid on those 
aspects that are important from a practical viewpoint. Looking at the evolution 
of the models, it appears that in the beginning, there was much concern for the 
geological model of a particular reservoir. For instance, Baker (1955) presented a 
method based on a geological model in which the presence of “natural fissures of 
great extent” was the main characteristic. Pollard’s (1959) method was based on 
the fact that, from a geological point of view, the reservoir void space consisted 
of fine voids and coarse communicating voids. In a way, it is a direct approach to 
solving the problem, i.e., knowing the geological model, what is the expected well- 
bore pressure response? However, a problem with this approach is that it seems 
to be applicable only to that particular geological model. As was said in previous 
sections, not all the fractured reservoirs are equal from sedimentological, geologi- 
cal and production viewpoints; in other words, the Pollard technique, for example, 
should be applied only to the La Paz reservoir. The need for an interpretational 
model that is valid for fractured reservoirs in general, was evident. Barenblatt et 
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Fig. 2-12. Wellbore pressure solutions as predicted by De Swaan's model and comparison with 
Kazemi's model (after De Swaan, 1976). Two parallel semi-log straight lines are shown. Courtesy 
of SPE-AIME. . 

al. (1960) were the first to present the mathematical formulation of fluid flow be- 
havior in fissured formations, based on the fundamental laws of continuity from 
fluid mechanics. Probably one of the more difficult aspects to be dealt with was the 
concept of representing an elementary reservoir volume. In Barenblatt et al.'s the- 
ory, an elementary volume consists of two homogeneous systems in parallel: fissures 
and primary porosity. This means that we should have enough fissures such that 
the permeability concept, which is an average property, is valid for the elementary 
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Fig. 2-13. Wellbore pressure solution as presented by Najurieta and comparison with Kazemi’s 
and Warren and Root’s models (after Najurieta, 1980). Courtesy of SPEAIME. 
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volume. Darcy’s law is valid for both fissures and matrix in this elementary volume. 
The Warren and Root model is based conceptually on Barrenblatt e t  al.’s theory. 
The important aspect in the Warren and Root model is that it covers a variety of 
fractured reservoirs, i.e, they could be either fissure- or matrix-dominated. Their 
model considers the general geological fact that we may have a naturally fractured 
reservoir where fluid or reserves are located in both fissures and matrix. The nature 
of the fissure-matrix interaction is reflected in the values of w and A. The intro- 
duction of w and X as characterizing the type of a fractured reservoir has been the 
subject of many discussions for many years. Even the presence of two parallel lines 
in a build-up test was a subject of concern, due to  the fact that wellbore storage 
effects may obscure the initial semi-log straight line. This aspect was clearly solved 
by the use of type curves. Bourdet and Gringarten (1980) presented a method in 
which w and X could easily be obtained by type-curve matching techniques, showing 
a practical method that can be used to  analyze pressure build-up tests in fractured 
reservoirs. Warren and Root’s model has been the subject of study by many authors 
(Kazemi, 1969; Mavor and Cinco, 1979; Bourdet and Gringarten, 1980). The model 
has been extended to include wellbore storage effects and transient interporosity 
flow. It can be said that, according to the literature, it is the method that had 
many practica+l applications. Odeh’s (1965) model, which is a specific application 
of Warren and Root’s model, will not be discussed further here. Barrenblatt et 
al.’s (1960) and Warren and Root’s (1963) models are based on the internal source 
concept. Kazemi’s (1969) and Streltsova’s (1982) models are conceptually speaking 
different models. They assume that a fractured reservoir can be modelled by a two- 
layer system. They solve a system of equations where the source is included as a 
boundary condition. The point here is that there is no need to compare Kazemi’s 
or Streltsova’s model with that by Warren and Root. Geologically speaking, a two- 
layer system is quite different from a vuggy, fissured/fractured one-layer reservoir, 
without considering the fact that in the proposed two-layer model the permeabil- 
ity contrast is quite high, such that turbulence should be taken into account. The 
comparison between models that are based on different geometries, has added more 
confusion to  the subject of pressure-transient testing in fractured reservoirs. Prob- 
ably, the merit of Pollard’s method is that it is shown to work on real data. In 
other models, like De Swaan’s for instance, no field data are presented to show its 
practical applicability; it is merely compared with the models by Warren and Root 
or Kazemi. This comparison can be questioned on the basis of the assumptions 
involved in each model. 

Another aspect that is worth mentioning when comparing models is the fact 
that two models based on different geological setting can provide solutions for the 
dimensionless wellbore pressure behavior that agree even numerically. This is the 
case for Streltsova’s and Warren and Root’s models. Deruyck (1980), comparing 
the results from both models in the case of interference solutions concluded that 
there were finite differences for early-time results which he attributed to  errors in 
the short-time results originating from the inversion integrals in Streltsova’s model. 

A conclusion that may be drawn regarding mathematical comparisons of models 
is that it is not the approach to be used in real data interpretations. A possible 
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answer is that every individual fractured reservoir needs a particular method where 
quantitative predictions can be made. The specific model should satisfy the basic 
principles of fluid mechanics such as the continuity law plus an equation of state. All 
the models presented are based on fluid-flow principles and i t  is very easy to  show 
that all of them are particular cases of a general mathematical formulation consist- 
ing of a diffusion-type of equation for the matrix and a diffusion-type of equation 
for the fractures. The interaction between matrix and fractures can be considered 
as an internal source problem or as an external boundary condition. From the mod- 
els presented it can be concluded that the need for additional parameters such as 
w and X (Warren and Root), or a,  b ,  c and d (De Swaan), even though they are 
designed to  identify the fissured nature of the system, will increase the complexity 
when getting on to  pressure-transient test interpretations. Apparently, when these 
models were introduced, the wellbore storage effect was not considered, but it is 
well known that it is an important effect to consider when making a pressure test 
interpretation regardless of the kind of geological formation we are dealing with. 
Thus a type-curve matching, when the wellbore storage and skin factor are consid- 
ered, becomes more restrictive due to  the addition of proposed fissured parameters 
such as w and A. 

From a practical viewpoint, the basic question in dealing with well-test interpre- 
tations in fissured formations is: what is the best model to  use? The tendency is 
to apply all of them and to choose the one that best fits the data. However, the 
disadvantage of this approach is that we may have several models fitting our data 
and that we have to  admit that we may be dealing with a stratified reservoir (no 
vugs or channels) or with a fractured reservoir, i.e., it is the inverse problem. The 
answer to  the question of weil-test interpretation for fractured reservoirs relies on 
the integration of geology and pressure models. The integration is, unfortunately, 
not well understood at the exploration stage even or during the initial production 
life of the reservoir. Depending on the development of the field and on the amount of 
core available, together with the observed production, the geological model will be 
validated or modified according to the information provided by new wells. From this 
point of view, it is clear that a single pressure build-up test made in a well does not 
provide extra geological information, other than on the well condition (damaged or 
stimulated) and reservoir pressure, but a program consisting of several well designed 
pressure build-up and interference tests will provide a good check on the proposed 
geological and sedimentological model and, therefore, on the chosen mathematical 
model used for the interpretation. To conclude this section, it is worth pointing out 
a rule of thumb for the interpretation of pressure-transient data, regardless of the 
type of reservoir, and this is the approach suggested by Ramey (1982): start the 
interpretation by using the conventional analysis used for homogeneous systems. 
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Chapter 3 

Transient Pressure Analysis at Constant 
Rate Production 

3.1. Introduction 

Regarding transient pressure analysis for fissured reservoirs this is the most im- 
portant chapter of this book. As was said in Chapter 2 there are many models 
available for the interpretation of pressure-transient data coming from these sys- 
tems. We may choose any of these models to work out in this chapter. Based on 
the literature, however, the Warren and Root (1963) model, seems to be the more 
useful from a practical viewpoint and the more general for almost all conditions 
regarding flow behavior in fissured reservoirs. 

It is the purpose of this chapter to present the expected behavior for transient 
pressure data. This can be accomplished through the model that is considered to be 
the most widespread used: the Warren and Root model. According to the literature, 
this model, first presented in 1963, has been extended to include wellbore storage 
and skin effect by Mavor and Cinco in 1979. Da Prat et al. (1981a) extended the 
model to include constant producing pressure in both infinite and finite systems, 
thus making possible decline curve analysis using type curves. The model predicts 
the appearance of two semi-log straight lines during a build-up or a drawdown test 
as the main characteristic of a fissured system. However, in practice many tests do 
not show the initial semi-log straight line and, according to the literature, there are 
quite a few publications were the appearance of the two parallel semi-log straight 
lines is convincing. In the past, this has been a major point of controversy asso- 
ciated with the use of this model. In this chapter it is shown that when wellbore 
storage is present (and depending on its magnitude) the first semi-log straight line 
does not appear, since it is masked by this effect. Warren and Root’s original model 
predicts the pressure behavior for the fluid in the formation but does not consider 
the wellbore storage effect. With today’s modern technology used in interpretations 
such as the use of deconvolution (Bourdet and Alagoa, 1984), a method that pro- 
vides the formation pressure from wellbore storage-influenced data and the use of 
the pressure derivative (Bourdet et al., 1984a), the Warren and Root model and its 
extensions is quite acceptable as a diagnostic tool in the oil industry and discussions 
as to its validity should be focused on the physical principles and inherent assump- 
tions made in developing it. For example, the model does not consider turbulence 
or non-laminar flow. There are many fissured reservoirs where this effect cannot 
be neglected. The reader is referred to Chapter 2 where additional information 
regarding this model is given. 
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NOMENCLATURE 
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drainage area 
formation volume factor, bbl/STB 
wellbore storage, bbl/psi 
dimensionless pseudo-steady-state shape factor 
dimensionless wellbore storage 
total compressibility, psi-' 
formation thickness, ft 
modified Bessel function, first kind, nth order 
permeability, mD 
modified Bessel function, second kind, nth order 
absolute value of semi-log straight line slope, psi/cycle. 
pressure, psi 
Laplace transform of pD 
dimensionless pressure 
initial pressure, psi 
volumetric rate bbl/day 
interporosity flow rate, per unit bulk volume. 
radial distance, ft 
dimenensionless radius 
dimenesionless outer boundary radius 
wellbore radius, ft 
Laplace space variable 
skin effect 
time, hours 
dimensionless time 
dimensionless time based on area 
ratio of volume of one porous system to bulk volume 

dimensionless 
fissure mediun 
dimensionless (fissure) 
dimensionless wellbore (fissure) 
matrix medium 
dimensionless (matrix) 

interporosity shape factor, ft-2 
diffusivity, ft2 /hour 
interporosity flow parameter 
viscosity, CP 
porosity, fraction 
storativity ratio 
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3.2. Partial differential equations 

In this section the fundamental partial differential equations that are used to 
describe the pressure either in the wellbore or in the fissured formation, are pre- 
sented. Before entering into the mathematical aspects, a brief look at  the literature 
from the past twenty-five years reveals that the original equations as presented by 
Warren and Root were modified and extended to  include all aspects needed for 
pressure or flow-rate transient interpretations such as wellbore storage, skin, and 
transient interporosity flow. Also the advantages of solving the equations in Laplace 
space and having a numerical algorithm for inversion have allowed of obtaining the 
solutions at  short times. In relation to this, it can be said that all the improvements 
made through the years on pressure-transient testing analysis have been applied to 
the original model as presented by Warren and Root. The benefits are that today 
we have a complete and general model to study the pressure-transient behavior of 
fissured systems. Figure 3-1 shows schematic representations of a fractured medium. 
For mathematical description, the fractured reservoir is represented by the super- 
position of two homogeneous systems: fractures and matrix (blocks). Each point 
in space can be associated with two pressures: the average fluid pressure in the 
fracture, Pf, and the average fluid pressure in the matrix, Pm in the vicinity of the 
point. 

First of all let us write down the reservoir and fluid conditions that have to be 
met for the derived equations to be valid: 

(1)  Fluid flow is single-phase laminar-Darcy’s law is valid. 
(2) Fluid is slightly compressible. 
(3) Reservoir is of infinite lateral extent-closed top and bottom boundaries. 
(4) Gravitational forces are negligible and pressure gradients are small. 
(5) The porosity of either medium (fissure or matrix) is independent of pressure 

(6) Flow through the wellbore is via the fissures; the matrix acts as a source. 
Most of these assumptions are the same as those made for modelling a ho- 

mogeneous systems. In reality, this is not surprising since we are assuming two 
homogeneous systems in parallel as the fractured model. Applying the continuity 
equation and Darcy’s law to one elementary volume of each medium (see Fig. 3-1), 
the following equations are obtained (De Swaan, 1976; Da Prat, 1980; Deruyck et 
al., 1982). 

variations in the other. 

For the fissured system: 

I-f 2 apf * -v Pf = (4VCt)f---- - q P at 

For the matrix medium: 

K m  apm 
-V2Pm = (dVCt),- + 4* 

c1 at 

(3-1) 

(3-2) 

where vf and Vf are the ratios of the fracture volume and the matrix volume to the 
bulk volume, respectively; q5f and 9, are fracture and matrix porosities, i.e., q5f is 
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Fig. 3-1. Schematic representations of a fractured medium. For a mathematical description the 
fractured reservoir is thought to consist of the superposition of two homogeneous systems: fractures 
and blocks (matrix). 

the ratio of the pore in the fractures to the fracture volume, and 4m is the ratio of 
the pore volume in the matrix to the matrix volume. C is the total compressibility 
and q* is the volume of fluid flowing from the matrix into the fractures per unit 
bulk volume per unit time. 

Assuming that the matrix permeability is low, the left-hand side term of eq. (3-2) 
is negligible compared to the term in the right-hand side then eq. (3-2) becomes: 

(3-3) 
a p m  q* = - ( + V q m -  
at 

Substituting q* in eq. (3-1) results in: 
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tD 

r 

rw 
rD = - 

Also, define dimensionless pressures Pm and P,D as: 

then eq. (3-4) becomes: 

a2p* 1 apfD ap, aPrnD +--- - w- + (1 - w)- 
87-g 7-D drD atD dtD (3-9) 

where w is the ratio of the storage capacity of the fractures to  the total storage 
capacity: 

Warren and Root considered that the flow from the matrix to  the fractures 
occurred under pseudo-steady-state conditions. However, according to  the literature 
(De Swaan, 1976; Deruyck et  al., 1982; Bourdet et al., 1984b), flow can also occur 
under transient conditions. Let us consider both cases (A and B). 

Case A: Pseudo-s t eady-s t a te  in t erporosi ty flow 
In this case, as presented by Warren and Root, q* is given by: 
a 

q* = -Krn(Pm - Pf) 
c” 

where cy is a shape factor defined as: 

4n(n + 2) 
1 

a =  

where n is the number of normal sets of fissures and 1 is a characteristic dimension 
of the matrix. By substituting eq. (3-11) in eq. (3-3), the following equation is 
obtained (using dimensionless pressures and time): 

(3-13) 

where X is defined as: 
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(3- 14) 

To summarise, the partial differential equations used to study the flow behav- 
ior under pseudesteady-state interporosity flow are (eqs. (3-9) and (3-13), respec- 
tively): 

and: 

Case B: Tkansient interporosity flow 
This case has been presented in the literature (Kazemi, 1969; De S w a n ,  1976; 

Deruyck et  al., 1982). The matrix flow is governed by the following equation: 

1 ap, v2pm = -- 
Vm at 

(3- 15) 

where qm is the matrix diffusivity. Equation (3-15) should be solved for two matrix 
geometries: slab-shaped matrix blocks and sphere-shaped matrix blocks. 

So far, the fundamental basic partial differential equations used to describe fluid 
flow in a fissured reservoir have been presented. What is needed next is to solve these 
equations using the appropriate initial and boundary conditions. A common method 
of solving the above equations is to use the Laplace transformation; the advantages 
of this have been described by Van Everdingen and Hurst (1949). By this method, 
the equations are transformed into a system of ordinary differential equations which 
can be solved analytically. The resulting solution in the transformed space is a 
function of the Laplace variable, s, and the spatial variable, PD. To invert the 
solution to real time and space, the inverse Laplace transformation is used. 

The Laplace transformation is defined by: 

(3-16) 

Initial conditions 
For a system or reservoir initially at  a constant pressure, the initial condition is 

given by: 

p fD( rD,o )  = &D(rD, 0 )  = 0 (3-17) 

The wellbore storage condition is given by: 

(3-18) 
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where: 
C 

C D  = 
2 4 4 f C f  + 4 m c m ) r ;  

The skin effect condition is: 

(3-19) 

Two outer boundary conditions are considered: an infinitely large reservoir and 
a closed outer boundary. For an infinitely large reservoir, we have: 

Iim P f D ( r D , t D )  = 0 
PD-+oO 

For the closed outer boundary, the condition is: 

(3-21) 

(3-22) 

Let us look at the equation in Laplace space for the above-mentioned cases A 
and 3.  

Case A: Laplace space equations for pseudo-steady-state interporosity Aow 
Applying the Laplace transformation to eqs. (3-9), (3-13), (3-17), (3-18) and (3- 

20), and rearranging terms, results in the following ordinary equation in Laplace 
space (see Da Prat, 1980, for a complete derivation): 

where: 
w(1  - w ) s +  x 

f(S) = (1 - w)s  + x 

(3-23) 

(3-24) 

Case B: Laplace space equations for transient interporosity Aow. 
It is shown in Ref. [7] that the resulting equation in Laplace space for this case is 

similar to that of pseudo-steady-state flow. The main difference is in the definition 
of the function f ( s ) .  

We have : 

where: 

(3-25) 

(3-26) 
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is used for slab-shaped matrix, and: 

is used for sphere-shaped matrix. 
To summarise at this point, we have one equation in Laplace space, eq. (3- 

25), that applies to both transient and pseudo-steady interporosity flow, the only 
difference is in the form of the function f(s). Equation (3-23) is a Bessel equation. 

Let rb = r ~ m ;  then eq. (3-23) becomes: 

The solution to eq. (3-28) is given by: 

The values of the constants A and B depend on the imposed outer boundary 
conditions, as will be shown in the next section. 

3.3. Dimensionless wellbore pressure solutions 

In this section, we present the solutions for dimensionless wellbore pressure from 
either an infinite or a closed outer boundary system. These solutions have ap- 
peared several times in the literature. Here the solutions are obtained by inverting 
the obtained solutions in Laplace space to real space and time, using the Stefiest 
numerical algorithm. For comparison, the analytical solution presented by Warren 
and Root (1963) for a closed outer boundary is analyzed. 

The solutions in Laplace space for a well producing at  a.constant rate from a 
fissured reservoir are shown in Table 3-1 (taken from Da Prat, 1980). 

3.3.1. Infinite outer boundary 

The Laplace space solution for a dimensionless wellbore pressure for a well pro- 
ducing at  a constant flow rate in a fissured reservoir is given by (see Table 3-1) 

x {s [mI(l[m] + s c D { l < o [ ~ I } + S ~ I ( l [ ~ l ] } - '  

(2-4) 

Figure 3-2 shows the solution for P f w ~  obtained by inverting eq. (3-30) numerically 
for two values of w and several values of X(CD = 0, skin effect = 0, and pseudo- 
steady-state interporosity flow). 
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TABLE 3-1 

Laplace space solutions for the dimensionless wellbore pressure in a well producing at a constant 
rate from a two-porosity system 

Infinite outer boundary 

At early times, PfwD depends on tD and w .  For a given value of A, as time 
increases, a period is reached wherein the pressure tries to stabilize due to flow 
from the matrix. After this transition period, the solution becomes the same as 
that for a homogeneous system. 

A short-time approximation to eq. (3-30), can be obtained by replacing KO and 
K1 by their respective asymptotic expansions. This yields an expression in Laplace 
space which is simple to invert. The following equation is obtained for dimensionless 
wellbore pressure (see Da Prat, 1980): 

For w = 1, eq. (3-31) is identical to Equation VI-10 given by Van Everdingen 
and Burst (1949) for a homogeneous system. There is no dependence of X at small 
times, indicating that the fracture system does not sense the presence of the primary 
porosity at  small times. For a non-communicating matrix ( X = 0 ), the dependence 
of PfwD will be on T'/w for all times (assuming CD = 0 and skin effect = 0). A 
long-time approximation to eq. (3-30) can be obtained by replacing K O  and Ii'l by 
series expansions. Inverting the resulting expression yields the following relation 
valid for long times (see Da Prat, 1980): 
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12 

Fig. 3-2. Dimensionless pressure drawdown solutions for a well in an infinite reservoir. The case 
w = l  is the solution for a homogeneous reservoir. Pseudo-steady-state interporosity flow condition. 
Wellbore storage and skin effect are not considered. 

1 
2 

PfwD = - lntD + 0.8098 (3-32) 

Equation (3-32) is the line-source solution for a homogeneous system. 

3.3.2. Closed outer boundary 

The Laplace space solution for dimensionless wellbore pressure in a well produc- 
ing at  a constant flow rate from a fractured system is given by (see Table 3-1): 

pfwD = {1(1( AreD ) IO(ArD ) + ICO(ArD)Il( AreD ) 1 
x {sz [K1(AreD)Io(A) - I<O(A)Il(AreD)]CD 

- (1 + sSCD)A [I(I(AreD)Il(A) - I(I(A)Il(AreD)]}-' (3-33) 

where A = m. 
Equation (3-33) reduces to equation VII-11 presented by Van Everdingen and 

Hurst (1949) for the case of skin effect = 0, CD = 0, and w = 1. 
Figure 3-3 shows the solution for the dimensionless wellbore pressure obtained 

by numerical inversion of eq. (3-33). 
The solutions for limiting values in w and several values of X are shown. At early 

times, the solution depends on t D  and w (assuming skin effect = 0 and CD = 0) 
for any value of A. The system behaves as if infinitely acting. For a given value of 
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t D  
Fig. 33 .  Dimensionless pressure drawdown solutions for a well completed in a closed outer bound- 
ary reservoir. Pseudo-steady-state interporosity flow. Wellbore storage and skin effect are not 
considered. Dimensionless outer boundary is equal to 50. 

X and w # 1, after the infinite-acting period, the solution goes through a transition 
period finally to  meet the solution for a homogeneous system. Depending on the 
value of X (other than zero), two well-defined straight lines (pseudo-steady-state 
solutions) are observed. 

To understand the observed behavior, the analytical solution (valid for CD = 0 
and skin effect = 0) presented by Warren and Root (1963) will be analyzed: 

(3-34) 

The solution can be simplified by considering that in most cases rzD >> 1. Then 
the term r&- 1 can be replaced by r2D in eq. (3-34). The following expression is 
obtained for the dimensionless wellbore pressure in a closed system: 

(3-35) 

for a well at  the center of a closed circle, the term lnreD - 2 is equal to: 
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(3-36) 

Then eq. (3-35) reduces to: 

The exponential term in eq. (3-37) can be expanded using the power series: 

2 2  23 
e-2 - - l - x + - - - +  ... 

2! 3! 
Then eq. (3-37) reduces to: 

+o [A (5$] 

(3-38) 

(3-39) 

As is inherent in the asymptotic approximation, eq. (3-39) is valid for tAD/w 2 
0.1. For a non-communicating matrix (A = 0), eq. (3-39) reduces to: 

(3-40) 

This is the expression defining the pseudo-steady-state condition for a system 
where ti,  = tAD/W. Figure 3-4 shows the solution given by eq. (3-40) for the case 
when w = 0.01, and A = 0. In this case, the system behaves as a homogeneous one, 
but shifted in time by tD/w. For values of A # 0, the pressure is not, in general, a 
h e a r  function of tAD. The departure depends on A and tAD, as shown in Fig. 3-4. 
In all cases shown, the solution becomes approximately equal to the homogeneous 
solution for long time values. This can be understood by using eq. (3-37) for large 
values of tAD. The exponential term becomes negligible, and the solution is given 
by: 

(3-41) 

The linear expressions as given by eqs. (3-40) and (3-41) can be used to repre- 
sent the entire solution after tAD/W 2 0.1. Figure 3-4 shows the solution for the 
dimensionless wellbore pressure for the case where w = 0.01, and A = From 
an engineering point of view, the solution can be represented by the infinite solution 
before tAD/W = 0.1, and by: 

(3-42) 

and: 
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Fig. 3-4. Dimensionless pressure drawdown solutions for a well completed in a closed outer bound- 
ary reservoir. Comparison of numerical and analytical solutions (w = 0.01, X = 10-7, wellbore 
storage and skin effects are not considered). 

(3-43) 

3.4. Type curves 

From a practical viewpoint a popular method of analyzing pressure-transient 
tests is by the use of type curves. The merits of this technique are well recognised 
in the oil industry. Once a reservoir model is developed for practical purposes, the 
solution for the dimensionless pressure is put in graphical form (type curve) and 
used as a diagnostic of flow behavior and to calculate reservoir parameters like 
permeability and skin effect. Examples of type curves and type-curve matching are 
given in the literature (Earlougher and Kersh, 1974; Earlougher, 1977; Gringarten 
et al., 1979). Also, the reader not familiar with this technique is referred to  Chapter 
2 of this book. In this section, a summary is presented on the development of type 
curves for naturally fractured reservoirs. Here, only the type curves for the solution 
of the wellbore pressure response are presented and the type curves for interference 
test are explained in Chapter 5. 

First of all let us explain the problem associated with a type-curve matching 
for a fissured system based on the Warren and Root model for interpretation. As 
explained previously, there are two additional parameters w and X that are needed 
to characterize the fractured reservoir. Let us assume, for the sake of understanding 
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the problem, that we use Fig. 3-2 as a type curve for matching real data. There are 
two parameters already fixed in this type curve (CD = 0 and S = 0). The solutions 
for w = 0 or w = 0.001 are just shifted in time, so a match is not unique. Even in 
the case that a match in w and A is obtained, we have to try for different values of 
CD and S; therefore, having two additional parameters (w and A )  makes the match 
impossible since it requires the generation of the solutions with different values 
of CD, S, w and X which, as pointed out by Mavor and Cinco (1979), not only 
makes a match non-unique, but is also economically prohibitive. Even in dealing 
with homogeneous systems, the problem associated with type curve matching is 
the same as regards uniqueness, except that in this case we have fewer parameters 
for the match and therefore it is simpler. In order to understand the use of type 
curves for fissured reservoirs, it is necessary to consider the developments made 
on type curves for homogeneous reservoirs. According to  the literature, relevant 
work on the subject of type curves has been presented by Agarwal et al. (1970), 
Earlougher (1977), McKinley (1961), and others. Their work has been the subject 
of study for many years right up to the present. Gringarten et al. (1979) presented 
a paper dealing with the differences between several skin and wellbore-storage type 
curves available in the literature. They presented a new type of curve that has found 
widespread use in the oil industry because it simplified the problem of uniqueness. 
The type curve (see Fig. 3-5) is given in terms of PD vs. t D / c D ,  and each curve is 
characterized by the value of (CD e2’). This type curve is general and is applicable 
to fractured and non-fractured wells. Bourdet et  al. (1984a) presented a new set 

Dimensionless time, toiC0 

Fig. 9 5 .  Type curves applicable to wells completed in homogeneous reservoirs. Wellbore storage 
and skin effect are included. Infinite reservoir behavior. The start of radial flow regime for each 
curve occurs at the intersection with the curve labeled “approximate start of semi-log straight 
line”. 
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Dimensionless time, tD/CD 

Fig. 3-6. Type curves showing both the dimensionless pressure behavior and the corresponding 
derivative. Compared to the type curves shown in Fig. 3-5, for each curve radial flow starts when 
its derivative becomes constant. 

of type curves (see Fig. 3-6) based on the pressure and pressure derivative. The 
introduction of the pressure derivative can be considered a major breakthrough in 
the use of type curves, since it facilitates interpretation and uniqueness of match. 
The merits of the pressure derivative as a diagnostic of flow behavior can be seen 
in numerous publications (e.g., Proaiio and Lilley , 1985; Joseph et al., 1986; Da 
Prat and Torres, 1988). It can be foreseen that many existent type curves will be 
modified to include both pressure and pressure derivative for the analysis of real 
data. With this background in mind, let us present the development of type curves 
for fissured reservoirs. 

Bourdet and Gringarten (1980) introduced a new type curve for analyzing wells 
with wellbore storage and skin effect in fissured or ”double porosity” systems. What 
they showed was that the type curve for these systems can be developed using the 
previously introduced (in 1979) type curve for homogeneous systems. Basically, 
they solved the problem of a well with wellbore storage and skin effect in a fissured 
system by considering the problem of a well in a homogeneous system and adding 
the effect (solution) of the double porosity reservoir (w and A dependence), for both 
pseudesteady-state and transient interporosity flows (see Figs. 3-7. and 3-8). The 
type curve to  analyze interference tests is also presented by the authors and will be 
treated more in detail in Chapter 5 .  The advantages of the type curve presented is 
that a match with real data provides CD, S ,  w and A .  The authors give an example 
in which the analysis of data using this type curve is presented step by step. The 
reader is referred to this article for a detailed explanation. The application of this 
type curve using real data is illustrated in many publications (see, e.g., Da Prat et 
al., 1984). 
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Fig. 3-7. The type curve used in the analysis of test data from homogeneous and fractured reservoirs 
(after Bourdet and Gringarten, 1980). Pseudo-steady-state interporosity flow. 
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Fig. 3-8. The type curve used in the analysis of test data from homogeneous and fractured reservoirs 
(after Bourdet and Gringarten, 1980). Transient interporosity flow. 
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Fig. 39.  Type curve showing both the behavior of pressure and its derivative (after Bourdet et al., 1984). It can be used to analyze test 
data from fractured reservoirs. The behavior of the pressure derivative is reasonably resolutive for the identification of the transition period. 
Pseudesteady-state flow. 
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Fig. 3-10. Type-curve matching showing both the behavior of the pressure and its derivative (after Bourdet et al., 1984). Transient interporosity 
fluid flow behavior. 
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tdC0 
Fig. 3 1 1 .  Type curve used for the evaluation of fractured reservoirs. By matching red data, the value of w is obtained. Courtesy of Halliburton 
Reservoir Services. 
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Fig. 3-12. Type curve used for the evaluation of fractured reservoirs which is used in conjunction with the type curve shown in Fig. 3-11. 
Courtesy of Halliburton Reservoir Services. 
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As was discussed in Chapter 2, the use of both pressure and the pressure deriva- 
tive in type curve matching has been very successful and widespread. Bourdet e t  
al. (1983) presented a set of type curves to analyze well test in fractured reservoirs 
They included both pressure and the pressure derivative in the analysis of the data 
by type-curve matching, assuming a pseudo-steady-state interporosity flow (see Fig. 

One year later, Bourdet et al. (1984b) introduced type curves which included 
the derivative under transient interporosity flow (see Fig. 3-10). 

According to the literature more research was devoted to  the subject of type 
curves for naturally fractured reservoirs. During 1989, John Rodgers and co-workers 
(Halliburton Reservoir Services, personal communication) introduced a new set of 
type curves for fractured-reservoir evaluation and identification (Figs. 3-1 1 and 3- 
12). As shown by field cases, one advantage of these type curves lies in the resolution 
and the practical way of calculating the parameters w and X of fractured reservoirs. 
The test field data are first matched with the type curve shown in Fig. 3-11; next, 
a value of w is obtained by matching the data to the type curve shown in Fig. 3-12. 
The value of X is obtained in a similar manner. The obtained values of w and X are 
quite accurate. 

The pressure derivative approach is particularly useful for fissured formations. It 
is in its use as a diagnostic of dual porosity behavior that the benefits of using the 
derivative can be best appreciated. As described previously, there are three periods 
characterizing the fractured flow: initially, the homogeneous regime associated with 
the fissured system only, later a transition period dependent on w ,  and X, and finally, 
a homogeneous regime corresponding to the total system (matrix plus fractures). 
Based only on the pressure behavior for the analysis, the transition period is, in 
most cases, not well defined or it can be attributed to  other factors such as probe 
resolution or multilayer reservoirs. Also, the duration of the transition period could 
be quite short, depending on the type of fissured system we are dealing with. In 
addition, wellbore storage effects can mask the early-time pressure behavior in such 
a way that a semi-log plot will not show any indication of fractured behavior. Not 
to mention the effect on the transition period caused when the production time just 
before shut-in was insufficient (the well was shut in during fissure flow), in which 
case the transition period does not show up. The derivative approach is particularly 
useful in diagnosing fractured reservoirs having the above condition. An example of 
a transient test which may be difficult to  interpret using pressure behavior only is 
the case of a fractured well in a fractured reservoir. Houze et al. (1984) presented a 
method for analyzing tests in a fractured reservoir where a well is producing through 
an infinite-conductivity fracture. A main conclusion derived from this work is that 
since the flow behavior for the fracture is characterized by a log-log half slope at 
early time and because this a typical shape for fractured-reservoir flow behavior 
in a transition zone, it can be very hard to differentiate one flow behavior from 
the other since we will have the total or superimposed response. In this case, the 
derivative approach can be very resolutive as a diagnostic of flow behavior. 

3-9). 
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3.5. Examples of application 

Let us illustrate the use of type-curve matching using a real example. First, the 
classical analysis using only pressure is presented; then the pressure plus pressure- 
derivative approach will be applied to see the advantages more clearly. The data 
are taken from Da Prat et al. (1984); the analysis is presented here as it is given in 
the reference. 

The well MACH 3X was completed in a Cretaceous formation in a field located 
in western Venezuela. The formation’s permeability values are less than 1 mD and 
the primary porosity ranges from 3 to 6%. The fractured nature of the reservoirs 
can be inferred from the lithological and petrophysical properties of the analyzed 
cores. Build-up and drawdown tests (not sequentially) where conducted in this well. 
The reservoir and pressure data are given in Table 3-2 

3.5.1. Pressure-transient analysis 

Drawdown test 
The drawdown-test pressure data for the well are shown in Table 3-2. The pres- 

sure difference (Pwf - Pwf(At = 0)) was plotted on tracing paper as a function of 
time and then placed over the type curve for a well with wellbore storage and skin 
effect (a  reservoir with double-porosity behavior) as seen in Fig. 3-13. From the 
chosen match, point we have: 

At = 1 h, tD/cD = 5.4, A P  = 1000 psi, PD = 1.2 

The pressure solutions that match the test data are: (CDe2’)f=1, for the fissures, 

Kfh is obtained from the pressure match: 
(CD e2S)f+rn=0.1, for the total system, and X e-2’ = 5 x lop2,  for the transition. 

Kfh = 141.2qBp (g) = 141.2(2700)(1.8235)(0.362) 
rn 

C is obtained from the time match: 

= 0.046 bbl/psi K h  At 302 
3389(0.362) (A) 

To obtain S, we need to calculate ( c D ) f + m  

= 6298 
- 0.8936(0.046) 
- 

0.8936C 
(@?t)f+rnhr$ (1.18 x 10-6)(65)(0.2917)2 

(cD)f+rn = 

0.1 
= 0.5 In - = -5.53 (CD e2’)f+m S = 0.5 In 

(CD If+ m 6298 

The value w can be obtained as: 

(CD e2’)f + rn] 0.1 
(CD e2’S)f 1 

- = 0.10 - - 
W I  
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TABLE 3-2 

Reservoir fluid and pressure data 

Drawdown test Build-up test Drawdown test Build-up test 

At (h) P,, (psi) At (h) P,, (psi) At (h) pws (psi) At (h) PWS (Psi) 

0.25 
0.50 
0.75 
1.00 
1.25 
1.50 
1.75 
2.00 
2.25 
2.50 
3.00 
3.50 
4.00 
5.00 
6.00 
7.00 
8.00 
9.00 

10.00 
12.00 
14.00 
16.00 
18.00 
20.00 
24.00 
28.00 
32.00 
36.00 
40.00 
45.00 
50.00 
55.00 

10095 - 
10255 0.25 
10451 0.50 
10564 0.75 
10631 1.00 
10703 1.25 
10743 1.50 
10806 1.75 
10814 2.00 
10830 2.50 
10854 3.00 
10878 3.50 
10878 4.00 
10902 4.50 
10902 5.00 
10917 5.50 
10925 6.00 
10933 7.00 
10941 8.00 
10941 9.00 
10950 10.00 
10959 12.00 
10958 14.00 
10973 16.00 
10982 18.00 
10939 20.00 
10989 24.00 
10989 28.00 
11045 32.00 
11109 36.00 
11109 40.00 
11109 45.00 

11347 70.00 
10989 72.00 
10630 75.00 
10486 79.00 
10359 83.00 
10343 87.00 
10271 92.00 
10215 97.00 
10183 102.00 
10136 107.00 
10112 112.00 
10080 117.00 
10056 122.00 
10048 127.00 
10040 138.00 
10032 140.00 
10016 142.00 
10000 145.00 
9984 148.00 
9968 153.00 
9960 157.00 
9936 160.00 
9920 164.00 
9904 169.00 
9880 174.00 
9864 178.00 
9832 183.00 
9816 
9792 
9759 
9735 
9703 

11141 50.00 
11 149 55.00 
11149 66.00 
11156 67.00 
11165 69.00 
11165 71 .00 
11181 74.00 
11181 77.00 
11 189 80.00 
11187 84.00 
11 200 88.00 
11200 92.00 
11200 96.00 
11200 100.00 
11229 104.00 
11 229 108.00 
11252 112.00 
11 252 116.00 
11 268 120.00 
11 284 131.00 
11292 132.00 
11300 134.00 
11300 136.00 
11308 138.00 
11316 143.00 
11316 148.00 
11316 153.00 

158.00 
163.00 
168.00 
173.00 
178.00 

9679 
9647 
9487 
9479 
9463 
9455 
9447 
9431 
9423 
9406 
9382 
9358 
9342 
9326 
9302 
9224 
9270 
9246 
9230 
91 50 
9142 
9134 
9125 
9117 
9109 
9085 
9061 
9037 
9021 
9013 
9005 
8981 

q = 3224 bbl/day (build-up); q = 2700 bbl/day (drawdown); h = 65 ft; B = 1.8235 RB/STB; p 
= 0.362 cP; ct = 24.5 x psi-’; 4 = 4.8%; T, = 0.2917 ft; T = 270; tp = 56 h; P ( A t  = 0) = 
9670 psi. 

Build-up test 
As for the drawdown case, the pressure difference (Pws-Pw(At = 0)) was plotted 

on tracing paper as a function of time and then placed over the type curve as shown 
in Fig. 3-14. From the chosen match point, we have: 
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0 

0 

b . .  . . 
m 

lo-’ 1 no 10‘ 10’ 
TO2 

ELAPSED TIME (HRsI 
Fig. 3-15. Log-log plot of field the test data used in the application example (after Da Prat and 
Torres, 1988). Both the pressure and its corresponding derivative are graphed. From the behavior 
of the derivative, the transition period can be associated with the fractured nature of the reservoir. 

At = 1 h, t D / c D  = 5.7, PD = 1.4, A P  = 1000 psi 

(CDe”)f = 1, for the fissures, (CDeZS)ftm = 0.1, for the total system, and Xe-2S = 
5 x lo-’, for the transition. 

I<f = 141.2qBp (B) M 

= 141.2(3224)(1.8235)(0.362) (&) = 420 mD-ft 

c is obtained from the time - tD/cD match: 

= 0.06 bbl/psi I i h  420 

= 8215 0.8936C - 0.8936(0.06) 
- - 

(4C)thr;  (1.18 x 10-6)(65)(0.2917)2 (cD)f+m - 

0.1 
= 0.51n - = -5.67 8215 

(CD ezS)ftm 
(CD >ft m 

S = 0.5 In 

= (A e-”) eZs = (5 x 10’) e2(-5.67) = 6 x 

w can be obtained as: 
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Notice that for the build-up case, the short production time was considered to 
make the appropriate match on the type curve. 

The above analysis can be considered as classical. Actually, this is a good example 
where all the evidence, such as drilling, core and production data, is in favor of a 
fissured-reservoir behavior and whether or not the pressure data fit the Warren and 
Root model does not mean that it is not representative of a fissured formation. 

At the time (1980) that these data were first interpreted, the use of the pressure 
derivative was not yet available. Only in 1988 was the pressure derivative applied 
as a diagnostic tool (Da Prat and Torres, 1988). The results show (Fig. 3-15) that 
the behavior of the pressure derivative can be associated with a naturally fractured 
reservoir. 
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Chapter 4 

Pressure Build-Up Analysis 

4.1. Introduction 

Since 1950, much effort has been devoted to the development of analytical meth- 
ods for pressure build-up. The common technique requires shutting in a producing 
well (producing at constant rate). The pressure is measured just before shut-in, and 
is recorded as a function of time during the shut-in period. The main objective is 
to obtain reservoir properties such as static pressure, permeability, and skin effect 
from the pressure build-up graph. 

For homogeneous systems, this method has been used with success for both infi- 
nite and finite systems, as is described by Earlougher (1977). However, for fractured 
systems, the interpretation of build-up tests has been the subject of controversy 
among many authors (e.g., see Pollard, 1959; Warren and Root, 1963; Kazemi, 
1969). 

Two of the most widely used methods in the interpretation of pressure build- 
up data for two-porosity systems are the Horner method, using the Warren and 
Root model for interpreting the pressure build-up curves, and the other is the 
Pollard method. The application of the Horner method and its limitations have been 
discussed by Crawford et al. (1976). The Pollard method is based on a graph of log 
( P  - P,,) vs. AT. It has been challenged because of some apparent approximations 
in the mathematical model. However, this method is still commonly used. Da Prat 
et al. (1981b) presented a new method, based on the extended Muskat analysis, for 
homogeneous systems. The method involves a semi-log graph of the dimensionless 
pressure difference log ( P  - P,,)D versus the dimensionless shut-in time, ATAD. 
Using this method, the permeability-thickness product can be obtained. In this 
chapter a brief discussion for each of the methods is presented. 

4.2. Horner plot 

In his original work, Horner (1951) proposed a method based on graphing bottom- 
hole pressure against the logarithm of the time rates, (t,+At)/(At). From the slope 
of such a curve, it is possible to determine the permeability-thickness of the forma- 
tion. Ramey and Cobb (1971) presented an extensive analysis of the applicability 
of the Horner method, as well as other methods of analyzing pressure build-up tests 
for a well in a closed drainage area producing from a homogeneous system. 

For a two-porosity system, Warren and Root (1963) presented analytical expres- 
sions to analyze a Horner graph for both a finite, and an infinite system. Crawford 
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NOMENCLATURE 

Pressure build-up analysis 

a l ,  a2, a3 
a l D !  a 2 D  > a 3 D  
A 
B 
C 
C D  

c t  
D 
h 
h' 
m 

r n D  
P 
P D  
Pwr 

P w s  

9 

TD 
TeD 
TW 

S 
t 
t D  
~ D A  
At 

S u  bscrip ts 

D 
f 
m 

Greek symbols 

x 
c1 
4 

T 

a 

W 

slopes in the Pollard method, cycles/hour 
dimensionless slopes in the Pollard method 
drainage area, ft 
formation volume factor, RB/STB 
wellbore storage, bbl /psi; ordinate intercept in the Pollard method 
dimensionless wellbore storage; dimensionless ordinate intercept in the 
Pollard method 
total isothermal compressibility, psi-l 
ordinate intercept in the Pollard plot 
formation thickness, ft 
formation permeability, mD 
absolute value of semi-log straight line slope, psi/cycle 
dimensionless slope. 
average reservoir pressure psi 
dimensionless pressure 
wellbore pressure during the flowing period, psi 
wellbore pressure during the build-up period, psi 
flow rate, bbl/day 
radial distance, ft 
dimensionless wellbore radius 
dimensionless outer boundary radius 
wellbore radius, ft 
skin effect 
time, hours 
dimensionless time 
dimensionless time based on area A 
shut-in time, hours 

dimensionless 
fracture 
matrix 

interporosity flow shape factor, ft-2 
dimensionless matrix fracture permeability ratio 
viscosity, CP 
porosity, fraction 
dimensionless fracture storage 

et al. (1976) (based on the Warren and Root model) concluded that a pressure 
build-up equation can be obtained for a two-porosity system using the superpo- 
sition principle in the same manner as it is used for a homogeneous system. As 
a concluding remark, it was pointed out that in a two-porosity system, the early 
and late-time data are the most important. Figure 4-1, taken from Da Prat (1982), 
shows a Horner plot for a two-porosity system where w and X = 5 x (CD = 0 
and skin factor S = 0) for a. well producing from an infinitely large system. 



Pollard plot 93 

10 
10' lo3 1 o6 to9 

At,  

t D + A t D  

Fig. 4-1. Homer graph showing the expected build-up pressure data behavior for a well completed 
in a fractured reservoir. w = 0.01; X = 5 x No wellbore storage and skin effect are present. 

As expected from the Warren and Root model, a double-slope (S-shape) is ob- 
served. The slope m is 1.115, as for homogeneous systems. The double-slope type of 
behavior is not always present, and depends on production time as well as wellbore 
storage effects. Mavor and Cinco-Ley (1979) observed that for production times 
where the effective storage capacity (q5Ct) is less than the total reservoir storage 
((gK& + (q5C)f), the double-slope behavior is not present. Figure 4-2, also taken 
from Da Prat (19821, shows the wellbore storage effect on the build-up curve for a 
fractured reservoir where w = 0.01 and X = 5 x 

The effect of different values of CD is shown. It is seen that low values of CD have 
a large impact on the initial straight line, making the evaluation of w impossible. 
For large values of CD, not only the initial straight line, but also the transition 
zone is obscured by wellbore storage. For CD = lo6 ,  the effect is so dominant that 
build-up data do not show the fact that a fractured reservoir is present. According 
to Mavor and Cinco-Ley [lo], to calculate w and X from field data, the following 
condition for CD must be met for one log cycle of the early time behavior to appear: 

w ( 1 -  w )  
cD 36X(60 + 3.5s) (4-1) 

In the next section a brief analysis of the Pollard method is presented. 

4.3. Pollard plot 

The Pollard method [a] involves a semi-log graph of log ( P  - Pws) vs. At. A 
typical graph is shown in Fig. 4 3 .  The interpretation of this method is based on 
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100 103 106 lo9 

t + A t  
A t  

Fig. 42. Horner graph showing the influence of wellbore storage on the initial straight line identifi- 
cation. In a production test with CD = lo6, the identification of a fractured reservoir is impossible 
from a Horner graph. X = 5 x lo-'; there is no skin effect present. 

the following equation: 

p - p,, = c e-alAt + D e-QzAt + (p - pWf - c - D )  e-a3At 

Equation (4-2) can be expressed in dimensionless form as: [9] 

(4-2) 

The constants C, D ,  al, a2 and a3 are obtained from the slopes and the ordinate 
intercepts as shown in Fig. 4-3. These constants are related to the permeabilities 
and the pore volumes of the matrix and fractures in the reservoir. The skin effect 
can also be obtained from such a graph. The Pollard technique assumes a system 
at pseudo-steady state, and no particular geometry is involved. A comparison of 
the Pollard method with the extended Muskat analysis is made in the next section. 
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A t ,  min 
Fig. 4-3. Pollard plot. The technique assumes a system at pseudo- steady state and no particular 
geometry is involved. The values for al, az, a3, C and D are used to calculate permeabilities and 
pore volumes. 

4.4. The extended Muskat method 

Da Prat et al. (1981b) presented a method of determining the permeability- 
thickness product for a fractured reservoir, based on the extended Muskat method 
of Russell (1966), which employs a semi-log plot of log ( P  - Pws) vs. At. The 
permeability-thickness product is calculated using values from the ordinate inter- 
cept and the slope. The theory of the method presented by the authors is based 
on the extended Muskat analysis for homogeneous reservoirs, and the Warren and 
Root model for naturally fractured reservoirs. Using basic pressure build-up equa- 
tions and a volumetric balance for a closed reservoir of area A ,  the following relation 
can be used to study a Muskat plot (Da Prat et al., 1981b): 

(4-4) 
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At D A X  lo2 

Fig. 4 4 .  Muskat graph (after Da Prat et al., 1981b). Several solutions are presented depending 
on the production time. The system should be at pseudesteady state prior to shut-in. w = 0.01; 
x = 5 x 10-6. 

Any appropriate set of Pm data can be used in eq. (4-4) to generate a Muskat- 
type build-up. The nature of this equation for homogeneous systems has been ex- 
tensively studied by Ramey and Cobb (1971). To extend the method to naturally 
fractured systems, the corresponding expressions for the dimensionless wellbore 
pressure, fi, are needed. This is accomplished using the Laplace space solution 
presented as eq. (3-11) in section 3.2 and numerically inverting to obtain PD. In 
addition, an analytical expression for PD was presented by Warren and Root, given 
here as eq. (3-34). This expression is valid only when the system is at  pseudo-steady 
state prior to shut-in. The solution to eq. (4-4) is shown in Fig. 4-4 taken from Da 
Prat et  al. (1981b). 

Several curves are shown depending on the production time, t A D .  All of the 
curves correspond to the case where w = 0.01 and A = 1 x A well defined 
straight line is observed in all the curves shown. The same behavior is observed for 
homogeneous systems as pointed out by Ramey and Cobb (1971). For production 
times  AD equal to or larger than 0.064, only one curve is obtained. 

The solution for a homogeneous system or fissured porosity (no matrix porosity) 
reservoir is a particular case of the fractured system. It is obtained by setting w = 1 
in equation (3-11). Figure 4-5 shows the solution for comparison with a fractured 
reservoir in the case where w = 0.01 and X = 1 x and for a production time 
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Fig. 4 5 .  Muskat graph (after Da Prat et al., 198lb). Comparison of expected solutions for fractured 
and homogeneous reservoirs. The development of the straight line occurs earlier in shut-in time 
for the fractured reservoir. w = 0.01; = and t D A  = 0.127. 

tAD = 0.127. The homogeneous solution is the same as the solution presented by 
Russell (1966). 

According to Fig. 4 5 ,  for a fractured reservoir, the development of the straight 
line occurs earlier in shut-in time than for the homogeneous reservoir case. 

To explain the behavior observed, the analytical expression of PfwD presented 
by Warren and Root given as eq. (3-34) can be used. Substituting eq. (3-34) in eq. 
( 4 4 ) ,  the following expression is obtained (Da Prat et al., 1981b): 

( P  - Pw,) = kfh 
141.2qBp 

Normally, r$ >> 1, and using the definition tAD = tD/(A/ri) ,  eq. (4-5) reduces to: 

( P  - P,,) = kf h 
141.2qBp 

-AAAtAD -XAtAD 
exp ( ) [l - exp ( )] (4-6) 

wr$( 1 - w) w.;( 1 - w )  
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The term %ftAD/r:~ is negligible compared to the other terms in eq. (4-6) for most 
cases of interest. Then eq. (4-6) reduces to: 

( P  - P,,) = kfh 
141.2qBp 

-XAAtAD 
2(1 ;"" exp ( ) [ I -  exp ( - X A t ~ ~  )] 

Xr,D wrZ(1- w )  wrZ(1 - w )  

Taking the logarithm of both sides of eq. (4-7) yields; 

( P  - P,,) = kfh 
141.2qBp 

In 

(4-7) 

Equation (4-8) can be used to interpret the observed behavior shown in Fig. 4-4. 
For any production time, tAD, a graph of In [kfi/141.2qBp] ( P  - p,,) VS. AtAD 
should be a straight line with a slope m~ equal to: 

XA 
w(  1 - w)rZ mD = 

and an intercept with the ordinate equal to: 

2(1 ;"I2 [1 - exp ( -XA~AD )] 
XT,D wrZ(1- w )  

(4-9) 

(4-10) 

In Fig. 4-4 all the curves shown have the same slope m~ and an intercept de- 
pendent on the production time tAD. For long production times tAD is high such 
that the exponential term, exp[-XAtAD/[wr;(l - w) ]  is negligible in eq. (410) ,  a 
simple relation is obtained valid when the system is produced long enough to  reach 
pseudo-steady state: 

XA 
A ~ A D  - 2( 1 - w)2 In ' f h  ( P  - P,,) = In 

141.2qBp Xr:D w(1 - w)rZ 
(4-11) 

The behavior represented by eq. (411)  is shown in Fig. 4-4 for the case where 

For a homogeneous reservoir, a Muskat graph provides a simple way of finding 
the permeability-thickness product for a reservoir. In a similar manner, eq. (4-11) 
suggests a method of finding the product kfh for a naturally fractured reservoir. 

Considering the system at pseudo-steady state, the intercept in a Muskat plot is 
given by eq. (4-11) with AAD = 0: 

tAD 2 0.064. 

2( 1 - w)2 
kfh ( P  - Pws)&=0 = 

141.2qBp Xr:D 
(4-12) 
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Normally, w and X are obtained independently from the pressure build-up anal- 
ysis (see, Crawford et al., 1976). The product kh can be obtained by solving eq. 
(412): 

141.2qBp2(1- w)’ 
( P  - pws)At=OXf,~ 2 kfh = (413)  

where the pressure difference ( P  - Pws) is obtained from the ordinate intercept 
at a shut-in time of zero. Comparing eq. (413)  with that used to  find kh for 
a homogeneous reservoir as presented by Ramey and Cobb, w and X completely 
define the flow behavior of a naturally fractured reservoir. 

The Pollard method and the technique presented by Da Prat et al. (1981b) that 
is partially reproduced here are similar. This can be observed by comparing eqs. (4- 
3) and (4-7). In fact, the parameters w and X can be related to  the Pollard constants 
CD, DD,  A I D ,  A ~ D ,  and A ~ D .  However, from a physical point of view, the meaning 
of such a relation is not clear. For instance, in the presented method, the calculated 
values for permeability are valid for a well centered in a closed circle. A geometry 
such as a well centered in a closed square will change the ordinate intercept. For a 
homogeneous system, the ordinate intercept is equal to  0.67 for a well in a closed 
square, but it is 0.83 for a well in a closed circle. The Pollard technique assumes 
a system at pseudo-steady state. The same assumption was made in the extended 
Muskat method because it leads to simple expressions. However, even if the system 
is not a pseudesteady state, the Muskat analysis can be applied. 

4.5. Example of application 

To illustrate the application of the techniques presented a simulated pressure 
build-up test will be used. The reservoir and pressure build-up data, taken from Da 
Prat et al. (1981b), are shown in Table 4-1. 

A semi-log graph of log ( P  - Pws) versus shut-in time, At, is prepared as shown 
in Fig. 4 6 .  

The value of the intercept at a shut-in time of zero is equal to 589 psi. Application 
of eq. (4-13) yields the product Kfh:  

141.2qBp 2(1 - w)’ kfh = 
(p - Pws)At=O Xf:D 

Solving for the fracture permeability, Kf: 

In this example, the system under study is at pseudesteady state prior to  shut- 
in. This can be shown if a graph of (kh/141.2qBp)(P - pWs)~t=o vs. lOgTAD is 
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TABLE 4 1  

Data for simulated example problem 

589 
564 
553 
547 
542 
537 
531 
480 
435 
394 

0.00 
0.96 
1.44 
1.67 
1.92 
2.15 
2.39 
4.79 
7.18 
9.58 

q = 100 bbl/day; B = 1 RB/STB; p = 1 cP; T,D = 1000; h = 480 ft; production time = 487.7 h; 
T w  = 0.25 ft; = 0.001; x = 

prepared. Figure 4-7 shows such a graph. The production time in this example is 
TAD = 6.37. According to this graph, for dimensionless production times greater 
than two, the system is at pseudo-steady state. This is an important consideration 
if the reservoir is analyzed using the Pollard technique. As is known, this tech- 
nique should be only applied at pseudo-steady state. In this example, the Pollard 
technique provide only information about the matrix properties. Applying eq. (4-3) 
yields the product: 

k,h = (118.6qB)p 

j k, = 0.042 mD 

Using the fact that X is known, the shape factor a can be determined: 

The shape factor, a ,  can provide information about the effective block dimen- 
sions. According to  the literature and as a summary for this section, it can be said 
that the extended Muskat method can be applied to  naturally fractured reservoirs 
in the same manner as for homogeneous systems. A graph of log ( P  - Pws) vs. At 
provides the product K h .  The interpretation using the Muskat method is subject to  
the particular model used to analyze naturally fractured reservoirs. The Warren and 
Root parameters define the behavior of a fractured system. However, the method 
is not restricted to this model. That is, any model which provides an expression for 
the dimensionless wellbore pressure in a closed outer boundary two-porosity system 
can be used. 
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I I I I I 

A t ,  hrs 
Fig. 4-6. Muskat graph for the example problem (after Da Prat et al., 1981b). Pressure build-up 
test. w = 0.001; X = 

4.6. Field applications 

In the past, the interpretation of pressure build-up tests conducted in fissured 
reservoirs has been the subject of debate. The reason is that some features predicted 
by the Warren and Root model, such as the two parallel semi-log straight lines, were 
not always present, in part due to wellbore storage effects and/or the production 
time before the test. Much of progress has been made through the use of type curve 
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Fig. 4-7. Muskat graph intercept versus producing time for the example problem (after Da Prat 
et al., 1981b). For dimensionless producing times greater than 2, the system is at pseudesteady 
state. w = 0.001; X = lo-’; and T,D = 1000. 

matching and the pressures derivative as diagnostic tools. Even though the values of 
w ,  A ,  S and C D  can be obtained by type-curve matching, valuable information such 
as the average pressure P* should still be obtained by means of semi-log methods 
like Homer’s. To observe all the three flow regimens of a fractured reservoir in a 
build-up test (fissure, transition and total matrix plus fissure) it is necessary that 
the production time prior to the test should be long enough, such as when an 
infinite-acting radial flow has been reached for the total system. According to the 
literature, it can be said that it is through the use of build-up analysis in the form of 
semi-log graphs rather than log-log graphs that the nature of a fractured reservoir 
can be observed. However, when using this technique care should be taken in trying 
to identify the proper straight line, as with a homogeneous system. Sometimes it 
happens that drilling, production and coring data show evidence of a fractured 
reservoir; then, when analyzing a build-up, there is a tendency to  look for two 
semi-log straight lines according to a given model and if the interpretation is based 
only on semi-log analysis, this can lead to serious errors in the estimation, €or 
example, of the average pressure. To illustrate this point, let us look at Fig. 4-8 
taken from Bourdet et al. (1983), where both examples A and B correspond to a 
fractured-reservoir behavior. 

Example A clearly shows two semi-log straight lines but only one is shown for 
example B. In this (simulated) case the test has been run long enough for the 
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Dimensionless time, WCD 

Fig. 4-8. Transient pressure behavior of data from a fractured reservoir (semi-log analysis; after 
Bourdet et al., 1983). A: two semi- log straight lines are present; B: only one semi-log straight line 
is present. 

important features of fractured reservoir flow behavior to be shown. In real field 
cases, test duration and wellbore storage may mask fissured-reservoir behavior. For 
example, in case A, if the test stops at TD/CD = lo2, even though we have a well 
defined straight line, the extrapolation to obtain the average pressures will be in 
error due to the fact that it represents radial flow only in the fissured system and 
not in the whole formation. For case B, if the test stops at  TD/CD = lo3,  a semi-log 
straight line can be defined from TD/CD = lo3 to lo3. However, this corresponds 
to the transition zone and an extrapolation to  the determine average pressure will 
be in error. It is known that for a proper analysis of both tests A and B, the use of 
a type curve is essential, specially to identify the start of radial flow in each system 
(fissure and total) 

Figure 4 9 ,  also taken from Bourdet et al. (1983), shows a match for both the 
cases A and B, made with a type curve applicable to fissured reservoirs. In this 
case, the type curve shows where the start of the semi-log straight line begins (and 
therefore the radial flow). For case B, it is not so evident from type-curve matching 
that the test corresponds to a well in a fissured reservoir, because wellbore-storage 
effects mask the flow regime corresponding to the fissure behavior. Even though 
the use of the pressure derivative in case B will show a definite fissured-reservoir 
behavior, the important point here is that semi-log analyses are good indicators of 
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Fig. 4 9 .  Log-log diagnostic graph showing the transient pressure behavior of data from a fractured 
reservoir (after Bourdet et al., 1983). A: the start of the semi-log straight line is clearly visisble; 
B: wellbore storage effects mask the flow regime corresponding to the fracture behavior. 

double-porosity behavior in the absence of other methods but care should be taken 
when making interpretations based only on them. 

4.7. Practical procedure to analyze build-up data from a fractured for- 
mation 

In this section we present a procedure which can be used to analyze build-up 
data from wells completed in fractured formations. I t  is worth pointing out some 
important aspects in dealing with pressure-transient analysis in these systems. Even 
if there is petrophysical, geological, drilling and seismic evidence that a formation is 
naturally fractured, we should not expect two parallel semi-log straight lines when 
looking at  a Horner-type graph. 

Figures 4-10 and 4-11 show well logs and a thin-section photomicrograph, re- 
spectively, for the well 14 RN-2X, taken from Da Prat et al. (1984). According to  
the logs and the core, there is strong evidence for believing that we are dealing here 
with a fissured formation. Based on the available models, one is tempted to  believe 
that a build-up graph should be characterized by two semi-log straight lines. 

Figure 4-12 shows a Horner graph for a build-up test made in this well (125 
hours duration). There is no evidence of double-porosity behavior according to the 
behavior predicted by current models. 
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Fig. 4-11. Thin-section photomicrograph of the core taken from well 14RN-2X (after Da Prat et 
al., 1984). The section shows strong evidence of fissured reservoir behavior. 



Procedure to analyze build-up data from a fractured formation 107 

200: 

.- 
In 
n 

a 1500 
- 

Q 

. 
I 1 I 

100 id 102 10’ 

t p  t At  /At 

Fig. 4-12. Horner graph data from the build-up test conducted in the well 14RN-2X (after Da Prat 
et al., 1984). There is no evidence of two parallel semi-log straight lines as predicted by current 
models. 

Figure 4-13 shows a drawdown test conducted in the same well. One is tempted to 
draw two parallel semi-log straight lines as shown in the figure, a common pitfall. In 
this case and in general, the best thing to do is to ensure a more severe diagnostic 
by graphing the data in log-log form and taking the derivative so that a more 
global diagnostic is obtained. Figure 4-14 shows such a plot taken from Da Prat 
and Torres (1988). It is shown by both the pressure and pressure derivative that we 
are dealing with a homogeneous flow behavior: i.e., a well in a homogeneous system 
and probably completed near a discontinuity, as is shown by the behavior of the 
derivative at  long times. In this case, where a completely homogeneous flow behavior 
is shown and it is known geologically that the formation is fractured, this behavior 
may probably be associated with the fact that the reserves are located only in the 
fissured system or that we are concerned here with such a tight matrix (almost zero 
permeability) that the fluid dynamics correspond to  the fissures only and hence the 
homogeneous behavior. Examples like this can be encountered in many reservoirs 
in fields in La Paz (Venezuela) where the author has been involved in the analysis 
of pressure build-up data over the past 30 years. This reservoir is known to  be 
fractured; however, the observed behavior of the pressure for the majority of the 
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Fig. 413. M.D.H. graph for the drawdown test- conducted in well 14RN-2X (after Da Prat et al., 
1984). Even though two parallel semi-log straight lines can be drawn as shown here, its validity 
should checked using log-log diagnostic plots. 
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Fig. 4-14. Log-log diagnostic plot using both the pressure and pressure derivative of the drawdown 
test data for well 14RN-2X (after Da Piat and Torres, 1988). According to the behavior of the 
pressure derivative, the well is completed in an homogeneous formation, close to a discontinuity 
or barrier. 
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tests is homogeneous. Although this is not really surprising, as is pointed out by 
Ramey (1982), one important conclusion resulting from interference testing is that 
the mathematical solutions for ideal homogeneous systems of constant properties 
often do match real field data, meaning that certain reservoir heterogeneities do 
not have a large impact on pressure versus time data. 
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Chapter 5 

Interference Analysis-Constant 
Flow-Rate Production 

5.1. Introduction 

In the previous chapters emphasis has been given to  the behavior of the transient 
pressure in a wellbore as a result of shutting the well in or just of producing it at  
a constant flow rate. It can be said that the reservoir information obtained from a 
test such as build-up or drawdown is related to  the zone surrounding the well from 
which the production comes. Depending on the reservoir characteristics, the analysis 
of pressure versus time data can provide some insight as to  limits, faults, closed 
boundaries, and constant pressure boundaries such as aquifers. However, if we are 
interested in determining sand continuity or whether a given injection in one well is 
actually supporting the pressure or is effective for a well some distance away, then 
the planning needed for an interference test should be considered. Another common 
situation is the need to  show the existence of a geological fault between these two 
or more wells and how effective sealing of this fault is. In planning a secondary- 
recovery project i t  is fundamental to know about the preferential direction of flow 
for an efficient recovery. Examples of the use of interference tests to  characterize 
and validate geological models can be encountered in many published articles. The 
Caiio Limon field located at  Arauca, Colombia (Economides et al., 1986), is a good 
example where interference tests were a valuable tool for the identification of sand 
continuity and faults. In this chapter the basic theory leading to  the development 
of type curves in the form of dimensionless matrix and fracture pressure in the 
formation is presented. 

5.2. Matrix and fracture pressure distribution 

Interference tests can be used to  provide information such as the mobility- 
thickness product, K h / p ,  and the porosity-compressibility-thickness product, &th. 
Basically, an interference test involves a long-duration rate modification in an ob- 
servation well that can be analyzed for reservoir properties. For homogeneous sys- 
tems, such a test has frequently been used with success in many cases (see, e.g., 
Earlougher , 1977). 

The analysis of interference tests in fractured reservoirs has been the subject 
of study for many years. Based on the model by Warren and Root, Kazemi et 
al. (1969) presented results for the fracture-pressure distribution in a reservoir. In 
Kazemi et a1.k work, the wellbore response to  an interference test is dependent on 
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NOMENCLATURE 
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Subscripts 

D 
f 
m 
M 

T 

S 

W 

Greek symbols 

a 

P 
e 
x 
P 
4 
w 

formation volume factor, RB/STB 
total compressibility, psi 
formation thickness, ft 
permeability, mD 
modified Bessel function of second kind, nth order 
semi-log straight line slope, psi/cycle 
pressure, psi 
dimensionless fracture pressure 
Laplace transform of P ~ D  
dimensionless matrix pressure 
Laplace transform of P,D 
pressure on semi-log straight line portion 1 hour after begining of test, psi. 
flow rate, bbl/day 
distance to active well, ft 
dimensionless radius 
dimensionless outer boundary radius 
wellbore radius, ft 
Laplace space variable 
time, hours 
ratio of volume of a porous system to bulk volume 

dimensionless 
fracture 
matrix 
match 
water 

interporosity shape factor, ft-2 
interporosity transient flow group 
correlating group (= AT;) 
interporosity flow parameter 
viscosity, CP 
porosity, fraction 
storativity ratio 

the pressure variations in the fractures, rather than in the matrix. Hence, this study 
is limited to the case where the wells used in the test are completed in the fractures. 
Streltsova-Adams (1978) considered both fissure and matrix pressure distribution 
and pointed out the importance of differentiating between matrix flow and fissure 
flow in the analysis of tests made on fractured formations. Both types of flow are 
characteristic of the flow behavior encountered in naturally fractured reservoirs. 

Deruyck et  al. (1982) presented dimensionless fracture and matrix pressure dis- 
tributions in the form of log-log type curves which can be used to interpret in- 
terference tests. In addition, the solution for a well producing a t  a constant inner 
pressure was presented. 
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Fig. 5-1. Dimensionless fracture pressure solution for several values of w which can be used as a 
type curve for matching data from interference tests conducted in fractured reservoirs (after Da 
Prat, 1980). Infinite reservoir; well producing at a constant rate; pseudo-steady-state interporosity 
flow. 

Figure 5-1, taken from Da Prat (1980), shows the solution for the dimensionless 
fracture pressure vs t D / r k  for several values of w ,  and 0. 

The parameter 0 is equal to Ark, a correlating group. It allows different values of 
A to be represented by only one curve. This reduces the number of type curves to 
be used in a type-curve matching. The case w = 1 corresponds to a homogeneous 
reservoir and is shown for comparison with a fracture system. The observed behavior 
in the dimensionless formation pressure Pm is similar to  the wellbore-pressure case. 
Dependence is seen on t D l . 6  and w at short times, and the solution approaches the 
homogeneous case for long times. The Laplace space solution for the dimensionless 
wellbore pressure P ~ D  is given in Da Prat (1980). 

P -  l(0 rm tD1 

fD - ~ r n I ( l [ r n l  

= .&EKl(&E) 

For early times, eq. (5-1) can be approximated by the relation: 

I(0 ( fi r D )  

which, upon inversion, yields the following short-time approximation for P ~ D  : 

(5-1) 

(5-2) 
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(5-3) 

The solution for the dimensionless matrix pressure is shown in Fig. 5-2, for several 
of the parameters 8(= Xrg) and w .  The line-source solution (w = 1) is shown for 
comparison. The Laplace space solution for the dimensionless matrix pressure, P,D , 
is given by (Da Prat ,  1980): 

The short-time approximation yields the following relation (Da Prat, 1980): 

- 1 x - exp[-(rD - 1)J;;fl 
(1 - w ) J w r D  5512 

PmD = 

which, upon inversion, yields: 

(5-5) 

' 0  
r62 

Fig. 5-2. Dimensionless matrix pressure solution for several values of w which can be used for 
interpretation of interference tests (after Dat Prat, 1980). Infinite reservoir; well producing at a 
constant rate; pseudo-steady-state interporosity flow. 
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A special case of eq. (5-6) arises when w = 0. Similarly to  the solution for a 
constant inner producing pressure, the relationship for P,D and t D  is simple at 
short times for w = 0: 

Equation (5-7) can be used to  interpret the unit-slope behavior for P,D shown in 
Fig. 5-2. The linear behavior should not be associated with a wellbore-storage effect. 
It is characteristic of a naturally fractured system as expressed mathematically by 
eq. (5-7). At long times, eq. (5-4) is the same as the Laplace space solution for the 
dimensionless fracture pressure solution. That is, as time increases, the matrix and 
fissure pressures agree. At long times, the matrix solution and the fissure solution 
are the same as the line-source solution. 

5.3. Interference analysis using type curves 

Type-curve matching can be applied to  interference-test analysis in the same 
manner as it is applied to pressure transients in the previous chapters. For homo- 
geneous systems, type-curve matching is simpler for interference testing than for 
single-well testing, because there is only one type curve (w = 1 in Fig. 5-1) to 
consider for infinite-acting systems. For naturally fractured systems, there is more 
than one type curve as shown in Fig. 5-1. However, the number of interference type 
curves is not as large as the number required for single well testing. In fact, the 
parameter 0 = Ark allows different values of X to be represented by the same curve. 
Furthermore, for a given match, w and A are obtained directly using Fig. 5-1. From 
the definitions of 0, Pm, t D / r &  and w ,  the fracture permeability, Iif, total stora- 
tivity, A, and the product aK, can be calculated using the equations (Da Prat ,  
1980): 

(5-9) 

eIcf 
( a K m )  = - 

r2 
In the next section, a simulated water-injection test will be presented. 

5.3.1. Interference example 

The use of type-curve matching will be illustrated with a simulated water- 
injection test taken from Da Prat (1980). During an interference test, water was 



116 Interference analysis-constant flow-rate production 

injected into a well for 400 hours. The pressure response in a well 250 ft away 
was observed during the injection process. Reservoir properties and the observed 
pressure data are given in Table 5-1. 

The pressure change was graphed on tracing paper as a function of time and 
then placed over Fig. 5-1 (see Fig. 5-3). From the match, w and 0 can be obtained 
as parameters. From Fig. 5-3, B = 1 and w = 0.01. The fracture permeability is 
obtained using eq. (5-8): 

Kf = 
141.2qBp Prr, 141.2(-loo)( 1)( 1) 0.4 - = 1.2 mD 

h (p),= 480 (-10) 

From the time ( t D / r b )  match, the total storativity is obtained using eq. (5-9): 

From w = 1 and the total storativity, the fracture storage can be obtained using 
eq. (5-10): 

(4C)f = [(OC)f + ( 4 C ) m I  
= (0.01)[3.38 x = 3.38 x lo-' psi-' 

As B = Arb = 1: 

TABLE 5-1 

Reservoir properties and pressure data for the interference example 

t (h) Pw (psig) A P  = Pi - Pw (psi) 

0.0 0.0 - 
4.7 11.0 -11.0 
6.7 11.0 -11.0 

11.5 12.0 -12.0 
16.5 12.5 -12.5 
26.5 13.5 -13.5 
46.0 15.5 -15.5 
65.0 17.0 -17.0 
98.0 19.5 -19.5 

135.0 22.0 -22.0 
200.0 26.0 -26.0 
265.0 29.0 -29.0 
400.0 33.5 -33.5 

q = -100 bblfday; h = 480 ft; Pi = 0 psi; tinj = 400 h; r = 250 ft; B, = 1.0 RB/STB; pw = 1.0 
CP. 
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Fig. 5-3. Type-curve matching for interference example: water-injection test in a fractured reser- 
voir. 

Also, from the relation 8 = a(Km)/Ii'f)r2: 

eIcf 
aKm = - 

r2 

Thus, if I<, can be obtained from core analysis, then the shape factor a is equal 
to: 

a =  mD ft-' 
1.9 x 10-5 

I(, 
The shape factor a can provide information about the effective block size in the 

system. 

5.4. Examples of field application 

From a practical viewpoint, the interpretation of interference tests in naturally 
fractured reservoirs may not always be resolutive. Let us imagine a situation where 
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there are localized fissures or a fractured zone around only one of the observation 
wells. The active well may be completed only in the matrix of the formation, i.e., a 
composite system (see Chapter 9). According to the literature, there are many fields 
(see Chapter 2) where the matrix permeability is not negligible and therefore our 
active well could be a good producer (economically speaking). To use the Warren 
and Root model in this case is not possible, because it only considers that flow 
to the wellbore occurs via the most permeable medium (fissures) only, since the 
least permeable medium (matrix) acts only as a source. For practical applications 
the analysis of interference-test data from fractured reservoirs has been studied in 
detail by Deruyck et al. (1982). A new set of types was introduced which allows the 
analysis of interference data under the more general conditions. 

Figure 5-4 shows the type curve for an observation well in a fractured reservoir 
where pseudo-steady-state flow from the matrix to fissures is assumed. 

Basically, the type curve is the one shown in Fig. 5-1, but it shows the ap- 
proximate start of the semi-log straight line which for practical reasons means the 
identification of the start of radial flow and therefore the presence of the semi-log 
straight line. A test where radial flow is detected (either for the fissure or the total 
system) allows its validation because the values obtained from log-log and semi- 
log plots should be equal (practically speaking). For pressure data in a radial flow 
regime, it is known that: 

(5-12) 

Then the product Kfh can be obtained from the slope m in the usual way: 

162.6 
m 

Kfh = -qBp 

and: 

(5-13) 

(5-14) 

And, if both parallel straight lines exist, w can be obtained from the vertical 
shift AP between them: 

w = 1 0 - W "  (5-15) 

It is expected that a semi-log analysis should be consistent with the values ob- 
tained from log-log analysis. 

Figure 5-5, taken from Deruyck et al. (1982), shows the type curve for an obser- 
vation well in a naturally fractured reservoir assuming transient flow regime from 
matrix to fissures. As compared with the type curve, where a pseudesteady state 
is assumed (Figs. 5-4 or 5-1), the major difference lies in the prg curves; when 
compared to those for hi, they are not constant, rather they reflect a smooth 
transition in passing from fissure flow to  total (homogeneous) flow (Theis curve, 
w = 1). As pointed out by Deruyck et al. (1982), one characteristic of the transient 
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Dimensionless pressure drop expected at the observation well completed in a fractured 
(after Deruyck et al., 1982). Well producing at a constant rate; pseudo-steady-state 

interporosity flow. Courtesy of SPE-AIME. 
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Fig. 5-5. Dimensionless pressure drop expected at the observation well completed in a fractured 
reservoir (after Deruyck et al., 1982). Well producing at a constant rate; transient interporosity 
flow. Courtesy of SPE-AIME. 
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interporosity flow model is the existence of a semi-log half-slope straight line during 
the transition regime, a condition first suggested by Bourdet and Gringarten (1980) 
and later studied by Serra et al. (1982), and Streltsova (1982). The approximate 
start of the half-slope, semi-log straight line is indicated in Fig. 5-5 by a line of cir- 
cles. In a similar manner as that for the pseudo-steady-state type curve, if during a 
match we have data beyond the start of the semi-log straight line for the transition 
regime, it means that a semi-log analysis can be applied and compared with the 
log-log analysis for validation. In this case, the permeability-thickness product is 
obtained from the slope m’ by (Deruyck et  al., 1982): 

(5-16) 

The use of type curves is illustrated by the following field examples, taken from 
Deruyck et al. (1982). The data were presented by Benson et  al. (1980) and are 
from several interference tests performed in the geothermal field at Klamath Falls, 
Oregon. One of the purposes of the tests was to evaluate interwell communication. 
Figure 5-6 shows the location of the wells: Parks, Glen Head, and Adamcheck are 
observation wells, and City Well-1 is the active well (pumping well). Also shown is 
the flow-rate history. 

23 300 

18900 
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1( 
ADAMCHECK WELL 

0 10 20 30 
time (hour) 

40 50 

Fig. 5-6. Production history and well location (after Deruyck et al., 1982). The active well is City 
Well-1; Glen Head, Adamcheck and Parks wells are observation wells. Courtesy of SPE-AIME. 
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Fig. 5-7. Log-log diagnostic plot for the three observation wells (after Deruydr et al., 1982). 
A match using the line-source solution for homogeneous systems was unsuccessful. Courtesy of 
SPE-AIME. 

Reservoir and completion data needed for the analysis are: 

B = 1 (formation volume factor), 
pw = 0.3 CP (water viscosity @ 220°F), 
r ,  = 0.73 ft  (City Well-1 wellbore radius). 

The first step in the analysis is a plot of the change in pressure versus time (a 
diagnostic plot) on a log-log scale; such a plot for the three observation wells is 
shown in Fig. 5-7. 

The next step in the analysis is to match the observed behavior of the data with 
some well-established models. Ignoring the nature of the reservoir and for simplic- 
ity, we should try to match the data with the line-source solution homogeneous 
behavior. The reader can try this and will find that no match can be obtained for 
the overall behavior of the data. However, if we consider only early-time data or 
only late-time data, they do fit the line-source solution. This observation may give 
us some clues about the system under study, i.e., it behaves as homogeneous both 
at early times (fissures alone) and at long times (total system). Figure 5-8 shows a 
match with the type curve shown in Fig. 5-4 for the Parks well, interference test 4. 

From the match, w and X can be obtained: w = 0.09 and Arg = 8 x lo-’. 
Thus: 

A = - - .  Xrg - 8 x - = 1.3 10-6 
rg (r/rW)’ - (180/0.73)’ 
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Fig. 5-8. Type-curve matching for the Parks well using the curve in Fig. 5-4 as the type curve to 
obtain the values for w and X (after Deruyck et al., 1982). Courtesy of SPE-AIME. 

Furthermore, from the definition: 

141.2qBp PDf = 

Kfh can be obtained: 

(a), Kfh = 141.2qBp 

and from the definition of tD/rh: 

(4VCt)fh can be obtained: 

0.000264 ( At ) 
Substitution of values gives: 

(4Ct)fh = 
pr2h T D / ~ D  M 

Kfh = 4.3 x lo6 mD-ft 

and: 
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Fig. 5-9. Semi-log analysis for the interference test on the pressure data from the Parks well (after 
Deruyck et al., 1982). The value obtained for the permeability agrees with that obtained from 
type-curve matching techniques. Courtesy of SPE-AIME. 

(4VCt)fh = 1.3 x ft/psi 

With the values of w and (4VCt)fh, the total storativity can be obtained: 

As shown in Fig. 5-8, the data corresponding to the fissure system, 
to the start of the semi-log straight line, do not exhibit a radial flow 

according 
behavior ; 

therefore, a semi-log analysis cannot be applied to the fissure system. However, for 
the behavior of the total system (late-time data) a semi-log analysis can be applied 
and a semi-log straight line should result. Figure 5-9 shows a well-defined straight 
line with a slope m = 0.25 psi/cycle. 

Then Kfh can be obtained using eq. (5-13): 

162.6q Bp 
Kfh = = 4.5 x lo6 mD-ft 

m 

and from eq. (5-14): 

(4VCt)totalh = 0.012 ft/psi 
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Fig. 5-10. Type-curve matching for the Glen Head well using the curve in Fig. 5-5 as the type 
curve (after Deruyck et al., 1982). The values obtained for w and X are almost identical to those 
obtained for the Parks well, which implies the continuity of formation properties. Courtesy of 
SPEAIME. 

Comparing the values obtained from the semi-log analysis with those obtained 
from the log-log plot, a good agreement is found. 

In the case of the Glen Head and Adamcheck observation wells the observed 
behavior as shown in Fig. 5-7 is quite similar but shifted in t / r 2  because the distance 
from the active well is not the same for each well. Therefore, we should expect 
similar results when analyzing each well separately. Figure 5-10 shows a match 
of the data obtained for the Glen Head well with the type curve that assumes a 
transient interporosity flow. 

In this case, only log-log analysis can be performed and the following values, 
taken from Deruyck et al. (1982), are obtained for the Glen Head well: 

w = 0.08 
X = 1.3 x 
Kfh  = 3.2 x 106 mD-ft 
(q5VCt)fh = 0.4 x ft/psi 
(q5VCt)totalh = 4.6 x ft/psi 

Comparing the values obtained with those from the Parks well, it is remarkable 
that w and X are almost identical implying a continuity in the fractured reservoir 
characteristics for the distances considered. The differences (which are small, practi- 
cally speaking) in I(rh can be attributed to the fact that this value is representative 
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of the volume tested which is different when comparing distances from the active 
well. The value of Krh can be considered as an average value and associated with 
the zone of volume between the active and observation well. We can say that we 
were testing different volumes of the same fractured reservoir. 

The use of the type curve shown in Fig. 5-2, which represents the matrix pressure 
distribution in the reservoir, is restrictive for practical applications. It requires 
the observation well to  be completed in the matrix. Given the low permeabilities 
associated with the matrix and that we are not dealing with interference testing 
in composite systems (see Chapter 9), it would be unusual that the proposed well 
should be subjected to testing other than production and/or fracturing testing. 
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Chapter 6 

Transient Rate Analysis-Constant 
Pressure Production 

6.1. Introduction 

In the past, the analysis of short-time flow-rate data to  obtain reservoir pa- 
rameters was not a common technique, mainly due to the difficulties in obtaining 
accurate measurements of the sand-flow rate q ( t )  as compared to  high-resolution 
pressure measurements. However, the advent of new production tools, like the real- 
time flowmeter (see Kucuk and Ayesteran, 1983; Steward et al., 1983), has made 
possible the analysis of simultaneously measured pressures and sandface flow rates 
in a transient well test. The advantage of incorporating the measured sand-flow 
rate, q ( t ) ,  is that the type-curve-matching technique is improved, giving more in- 
formation regarding the uniqueness as to the type of reservoir being dealt with, i.e., 
fractured, multilayer composite, etc. The fundamental principles regarding the use 
of the sand-flow rate are given in Chapter 1. 

As was pointed out in Chapter 2, in a fractured formation we may have wells 
initially producing at a high rate where, in some cases, production starts to  decline 
after a few hours without any clear explanation. Therefore, analyzing the tran- 
sient flow-rate behavior in a well completed in a fractured formation will add more 
information that will result in a more complete evaluation analysis. From an engi- 
neering and economic viewpoint, the initial decline could be a key factor in deciding 
whether t o  complete or abandon a well. In the case of a homogeneous system, this 
decline is the only one observed, but for fractured reservoirs the initial decline does 
not always represent the final state of depletion. In this chapter, the fundamentals 
and basic principles allowing of understanding the transient flow-rate behavior for 
a well completed in a fractured formation are given. 

In section 6.2 the partial differential equations which define the basic problem are 
given. In section 6.3, the method used for obtaining the solutions to  the equations 
is presented. In section 6.4, the analytical solutions in Laplace space for both the 
infinite and the closed outer boundaries are given. Included in this section is a short 
and a long-time analysis which provides simple expressions in real space which 
verify the numerical algorithm, and which appear to  be useful in the interpretation 
of results. Also included in this section are the evaluation of the parameters w and 
A from decline curves, and a study of the observed initial decline in production 
rate. It is shown that for naturally fractured systems, an initial decline in flow 
rate is not always representative of the final state of depletion. Ignoring this fact 
could lead to  errors in estimations of the size of the system. In sections 6.6, 6.7 
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A 
B 
C 
C A  
h .  
In 
K 
K n  
P 
PD 
i% 
Pwf 

9 
9D 

TD 

Q 
QD 
r D  

SeD 

r:D 
rw 
r:, 
S 

S 
t 
t D  

~ D A  
V 

Subscripts 

D 
e 
f 
m 
t 

Greek symbols 

x 
P 
4 

a 

W 

drainage area, ft-2 
formation volume factor, RB/STB 
compressibility, psi-l 
dimensionless pseudo-steady-state shape factor 
formation thickness, ft 
modified Bessel function, first kind, nth order 
permeability, mD 
modified Bessel function, second kind, nth order 
pressure, psi 
dimensionleas pressure 
Laplace transform of PD 
wellbore flowing pressure, psi 
volumetric rate, bbl/day 
dimensionless flow rate 
Laplace transform of QD 

cumulative production, bbl 
dimensionless cumulative production 
dimensionless radius, r/rw 
dimensionless outer boundary radius, re/rw 
effective dimensionless well outer boundary radius, re/rL 
wellbore radius, ft 
effective wellbore radius, rw exp(-S), ft 
Laplace space variable 
skin effect 
time, hours 
dimensionless time 
dimensionless time based on area A 
ratio of total volume of medium to bulk volume 

dimensionless 
external 
fracture 
matrix 
total 

interporosity flow shape factor, ft-2 
dimensionless matrix-fracture permeability ratio 
viscosity, CP 
porosity, fraction 
dimensionless fracture storage 

and 6.8 a procedure for using log-log type-curve matching to analyze rate-time 
data is presented. From the match point, the fracture permeability(Kf), the total 
storativity(w), and A,  reD and S can be calculated. 
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6.2. Partial differential equations 

In this section the basic partial differential equations for fluid flow in a fractured 
reservoir are presented. The equations are based on a model originally presented by 
Warren and Root in 1963. The model was extended Mavor and Cinco-Ley (1979) 
to include wellbore storage and skin effect. The model was further extended by Da 
Prat (1980) and Da Prat  et al. (1981a) to study the behavior of the dimensionless 
flow rate for a well producing at  a constant inner pressure from either a finite or 
an infinite fractured reservoir. 

The fundamental partial differential equations are (Da Prat et al., 1981a): 

and: 

where w )  and X are parameters associated with reservoir and fluid properties. w )  
relates storage of secondary porosity to  total storage and is given by: 

(4Wf 
(4K)f + ( 4 K ) m  

w =  

X controls the interporosity flow and is given by: 

(6-3) 

where a is the interporosity flow shape factor in ft-’. P ~ D  and tI, are defined as: 

I<fh(E - P) 
PfD = 

and: 

141.2qpB (6-5) 

A complete mathematical definition requires additional equations which repre- 
sent the appropriate initial and boundary conditions. For a fractured system initially 
at  constant pressure, the initial condition is given by: 

The inner boundary condition in this case of a constant producing pressure is: 
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where S is the skin factor. Two outer boundary conditions are considered: an in- 
finitely large reservoir and a closed outer boundary, For an infinitely large reservoir, 
the condition is: 

For the closed outer boundary, the condition is: 

The dimensionless flow rate into the wellbore is given by: 

The cumulative production is related to the flow rate by: 

QD ltD qD dtD 

(6-10) 

(6-11) 

(6-12) 

The equations presented above define the statement of the problem completely. 
In the next section the method of the solution is described. 

6.3. Method of solution 

A common method for solving eqs. (6-1) and (6-2) under the conditions given 
by eqs. (6-7) through (6-11), is t o  use the Laplace transformation. The advantages 
of this method have been described by Van Everdingen and Hurst (1949). By its 
use, the equations are transformed into a system of ordinary differential equations 
which can be solved analytically. The resulting solution in the transformed space 
is a function of the Laplace variable, s, and the space variable, r D .  To invert the 
solution to  real time and space, the inverse Laplace transformation is used. 

The Laplace transformation is defined by: 
r m  

(6-13) 

Applying it to  eqs. (6-1 and 6-2) and to eqs. (6-7) through (6-12) results in the 
following equations in Laplace space: 

(6- 14) 

(6-16) 
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(6-18) 

(6-19) 

SQD = qD (6-20) 

In the next section the transient rate solutions for both a finite and an infinite 
system are presented. 

6.4. Transient rate solutions 

Two types of fractured reservoirs are considered: the unbounded reservoir and the 
closed, bounded reservoir. The solutions for the unbounded fractured system have 
appeared elsewhere in the literature (Mavor and Cinco-Ley, 1979). The solutions 
for the bounded, closed system were presented by Da Prat (1980) and Da Prat 
et al. (1981a), and are reproduced here. For each type of reservoir, short-time 
and long-time approximations are made on the corresponding expressions for the 
dimensionless flow rate in Laplace space. The inverse of the resulting functions 
has appeared in tables of Laplace transforms (Abramowitz and Stegun, 1972). The 
results provide a check on the validity of the numerical inversion algorithm, and 
appear to  be useful in the interpretation of the observed results. 

6.4.1. Infinite outer boundary 

The transient rate solutions for an infinite reservoir reflect the behavior before 
outer drainage boundary effects become evident. The solution in Laplace space is 
given by (Da Prat  et al., 1981a): 

where: 
u(1 - u ) s  + x 

f(S) = (1 - u ) s  + x 

(6-21) 

(6-22) 

The solution in real space is obtained by numerically inverting eq. (6-21). Figure 
6-1 shows the solution for different values of A and w ,  assuming zero skin effect. 

For a given A(# 0), the flow rate depends initially on t~ and w .  As time increases, 
the interaction between the matrix and fractures is reflected in a period of constant 
flow rate after which the solution becomes the same as that for a homogeneous 
infinite reservoir. Equation (6-21) can be approximated in the limit for both short 



132 Transient rate analysis-constant pressure production 

loo 104 lo8 1 0l2 

t D 
Fig. 6 1 .  Dimensionless flow-rate solutions depending on w and X values-infinite reservoir. The 
solution given for w = 1 is the same as that for a homogeneous system. 

and long times. This will provide simple expressions for the flow rate that can be 
used to understand the observed behavior. For small times, the expression for the 
flow rate, qD, is given by: 

(6-23) 

or, in terms of cumulative production, QD, 

Q D ( ~ D )  = 2 J i f ( d D ) 1 1 2  (6-24) 
R 

For w = 1, eq. (6-24) is identical to eq. (6-34), presented by Van Everdingen and 
Hurst (1949). The expression obtained for the flow rate can be associated with a 
homogeneous reservoir with an effective time t’ = t ~ f w .  

In fact, from the definition of tD: 

(6-25) 

Thus a fractured system in an infinite medium does not initially detect the 
presence of the primary porosity; it behaves like a homogeneous reservoir. For a 
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loo 

qD 

lo-' 

HOMOGENEOUS 
RESERVOIR 

Fig. 6-2. Dimensionless flow-rate solutions depending on w values-infinite reservoir. All the so- 

lutions are similar in shape but shifted in time. 

non-communicating matrix (A = 0), the solution depends on t D / w  for all times, 
as in Fig. 6-2 where several curves are shown depending on the degree of fracture 
storativity, w .  

It  is seen in Fig. 6-1 that for a given A, the solution approaches that for the 
homogeneous case at  long times. The bigger the A, the sooner the transition. The 
solution depends on t D  for long times. This can be derived by making a longtime 
approximation for eq. (6-21). As derived by Da Prat (1980), the solution obtained 
(valid for long times) is given by: 

2 
lntD + 0.80907 qD = (6-26) 

which is the solution for a homogeneous reservoir, as given by Jacob and Lohman 
(1952). 

6.4.2. Closed outer boundary 

The behavior of a homogeneous, closed-outer-boundary reservoir has been stud- 
ied by many authors. Van Everdingen and Hurst (1949) presented a solution for the 
cumulative flow rate for the case of constant terminal pressure. Fetkovich (1980) 
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discussed the finding by Tsarevich and Kuranov (1956) that exponential decline 
is a long-time solution of the constant pressure case. An exponential rate decline 
should also follow a pseudo-steady-state period for the constant-rate case when 
the producing pressure finally reaches some limiting value such as line pressure or 
atmospheric pressure. 

Da Prat  e t  al. (1981a) have studied the behavior of the flow rate for a well with 
constant producing pressure completed in a fractured reservoir. The main results 
of such study are presented in this section. 

According to  Da Prat e t  al. (1981a), the solution for the dimensionless flow 
rate,qD, in Laplace space is given by: 

F = &(s) 

and f(s) is defined by eq. (6-22). 

10' 

loo 

lo-' 

lo-* 

OMOGENEOUS 

qD 

loo 103 lo6 
t D  

Fig. 6 3 .  Dimensionless flow-rate solutions-closed outer boundary fractured reservoir (after Da 
Prat et al., 1981a). The value for w = 1 is the solution of the homogeneous reservoir. No skin 
effect; F,D = 50. 
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Fig. 6-4. Dimensionless flow-rate solutions expected for homogeneous reservoirs (after Da Prat et 
al., 1981a). All solutions converge to a single curve at the onset of depletion. 

The solution for qD in real space may be obtained by the inverse Laplace trans- 
formation. This is done by using the Stehfest numerical algorithm (see Chapter 

The solutions for reD = 50, and several values of w and X are shown in Fig. 6-3. 
The results are surprising: The flow rate at first shows a rapid decline and then 

it becomes almost constant for a long period, after which a final rate decline takes 
place. For short times, the flow rate depends on t D  and w ,  but for long times it 
depends on t ~ ,  w ,  X and reD. Compared to the homogeneous case (w = l), a long 
time is required to deplete a two-porosity system. The value of the flow rate during 
the constant rate period depends strongly on the matrix-to-fracture permeability 
ratio, A .  

Fetkovich (1980) observed that for homogeneous systems at  the onset of depletion 
(a  type of pseudo-steady state), all solutions for various values of reD develop an 
exponential rate decline and converge to a single curve, as shown in Fig. 6-4. 

This statement is not true for fractured reservoirs. Figure 6-5 is a graph of 
qD(lnreD - 3/4) vs tAD/( lnreD - 3/4) for w = 0.01, X = and several values 
of r,D. 

3). 
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Fig. 6-5. Dimensionless flow-rate solutions expected for fractured reservoirs (after Da Prat et al., 
1981a). Compared with the behavior of homogeneous reservoirs, the solutions do not converge to 
a single curve. 

It can be seen that the solutions do not converge to a single curve. In order 
to explain the observed behavior, Da Prat (1980) presented short-and long-time 
approximations of eq. (6-27). These will provide simple expressions for the flow 
rate and the cumulative production, as shown in the next two sections. 

6.4.3. Short-time analysis 

For short times, qD depends on w and t D ,  as is seen in Fig. 6-3. As for the homG 
geneous system, there is no dependence on r,D for short times. The system behaves 
as an infinite medium. A solution to eq. (6-27) valid for short times can be obtained 
by substituting the modified Bessel functions by their asymptotic expansions. Be- 
cause of the relation between s and t ~ ,  when s is large, t~ is small, i.e., as s .+ 00, 

t~ .+ 0. The following relations are valid for large values of the argument: 

(6-28) 
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(6-29) 
7r 

KO(z) = K1 M - e-' 
22 

Substituting eqs. (6-28) and (6-29) in eq. (6-27), assuming zero skin effect and 
inverting, the following expressions are obtained for qD and Q D :  

(6-30) 

(6-31) 

If w = 1, eq. (6-31) is identical to Equation 30 presented by Van Everdingen and 
Hurst (1949) for a well in an infinite system. In fact, the same conclusions obtained 
for the infinite case in the preceding section can be applied here: especially that the 
dependence of qD is on t D / W  at short times. 

6.4.4.  Long-time analysis 

A long-time approximation for qD or QD is obtained by substituting the modified 
Bessel function in eq. (6-27) for expressions valid for small values of the argument: 

2 
K o ( z )  = -(In - + 7) 

2 

I.'1(2) - 1/z 

1 2  IO(2) = 1 + -2 

1 1 3  
11(2)  = - z +  -2 

4 

2 8  

Substituting eqs. (6-32) through (6-35) 

q D ( t D >  = (w) exp (----tD) x 
1 - w  

and: 

(6-32) 

(6-33) 

( 6 3 4 )  

(6-35) 

and inverting, yields for the flow rate: 

(6-36) 

rZD - 1 
Q D ( ~ D )  = 7 (6-37) 

for the cumulative production. 
Figure 6-6 shows the solution for qD obtained numerically, and that given by eq. 

(6-36). At long times, both solutions agree. 
From eq. (6-36) for long times, an exponential decline can be seen to be the solu- 

tion of the constant producing pressure case. Thus a known result for homogeneous 
systems can be extended to fractured reservoirs. However, in a fractured reservoir, 
the final decline takes place later in time, as compared to the homogeneous case 
( w  = 1). That is, it takes a longer time to deplete a fractured system. This can be 
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Fig. 6 6 .  Dimensionless flow-rate solution (after Da Prat et al., 1981a). At long times the numerical 
inversion solution obtained using the Stehfest algorithm agrees with the analytical or long-time 
approximation. w = 0.01; X = T,D = 50; no skin effect. 

explained using eq. (6-36). The equation should represent the homogeneous solution 
when either w = 1 or --f 00. Taking the limit yields: 

lim QD = lim (v) A exp (--tD) x = 0 
A-00 x-00 l - w  

or w-1 or w-1 

(6-38) 

From eq. (6-38), for a homogeneous system, the flow rate is zero, a well-known 
result for long times. However, the cumulative production is the same as that for a 
homogeneous system at long times: 

This is shown in Fig. 6-7. 
The long-time solution can be used to explain 

flow rate. This is done by identifying terms in the 

x 2 

QD = ~ - x exp (---tD) 2 l - w  

(6-39) 

the observed period of constant 
expression for QD: 

(6-40) 

The series expansion for the exponential is: 
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Fig. 6-7. Dimensionless cumulative flow-rate solutions-closed outer boundary (after Da Prat et 
al., 1981a. Compared with a homogenous reservoir ( w  = l) ,  the depletion of a fractured reservoir 
takes a longer time. T ~ D  = 50; no skin effect. 

If 1: is small, then e-" x 1. Then we can say that for &/(1 - u )  << 1: 

(6-41) 

(6-42) 

As time increases, the exponential term in eq. (6-36) begins to dominate until 
the flow rate becomes zero. 

6.5. Production forecast analysis 

In this section the observed decline in flow rate is studied in more detail. From 
an engineering and economic point of view, the initial decline could be a key factor 
in the completion or abandonment of a well. In the case of a homogeneous system, 
this decline is only observed for fractured reservoirs; however, the initial decline is 
not always the final state of depletion as pointed out by Da Prat et al. (1981a). 

The objective of this section is to show that decisions concerning production 
forecasts and estimates of the size of fractured reservoirs should not be based only 
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on the observed initial decline. For instance, let us take the case of w = 0.001 and 
X = The dimensionless flow-rate behavior is shown in Fig. 6-3. Based only 
on the initial decline and considering a homogeneous system, we are dealing here 
with a reservoir of a dimensionless outer radius T,D of less than 5. (This can be 
seen by graphing the solution on the type curve presented in fig. 2A in Fetkovich, 
1980.) The final cumulative production should be 12. In reality, the system size r,D 

is 50 and the final cumulative production is 1250. Thus, ignoring the presence of a 
fractured system can lead to an error of 90 

Let us start the analysis of the initial decline by considering the simplest case of 
a non-communicating matrix, X = 0. In this case, the behavior is the same as that 
for a homogeneous system, but with tb = t D / w .  Figure 6-8 shows the dimensionless 
flow-rate behavior, with qD versus t D  for different values of storativity, w .  

All curves show one well defined decline as the final depletion state. An expres- 
sion for can be derived in this case. For homogeneous system, the exponential 
depletion state can be derived from the dimensionless wellbore pressure function 
for constant rate production after the onset of pseudo-steady-state. Van Everdingen 
and Hurst (1949) showed that qD and P w ~  are related in Laplace space by: 

t D  
Fig. 6-8. Dimensionless flow-rate solution for a fractured reservoir where the reserves are located 
only in the fractures (after Da Prat et al., 1981a). All curves show a well- dehed exponential 
decline at the final depletion state T,D = 50; no skin effect. 
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Therefore, knowing P w ~  at constant rate, it is possible to find QD by applying the 
inverse Laplace transformation to  eq. (6-43). Mavor and Cinco-Ley (1979) showed 
that for a closed, bounded two-porosity system, P w D  is given by: ' 

This expression is valid for tAD/W 2 30.1, and 
For a bounded, circular reservoir, the Laplace transform of eq. (6-44) is: 

= 0. 

Substituting this expression into eq. (6-43) and inverting yields: 

1 -2 
qD = (In YeD - 3/4) exp (-r$(ln r,D - 3/4) 

1844) 

(6-46) 

t D 
Fig. 6-9. Dimensionless flow-rate solution expected for a fractured reservoir-comparison of nu- 
merical and analytical solutions (after Da Prat, 1980). Reserves are located only in the fractures. 
T,D = 50; w = 0.001. 



142 Transient rate analysis-constant pressure production 

1 I I I I I I I I 1 1  

SOLUTION 

SOLUTION FOR A 
NONCOMMUNICA- 
TlNG MATRIX 

I \ -I 

10-41 I I I I I I I 1 I \  1 I 
loo lo3 lo6 
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Fig. 6-10. Dimensionless flow-rate solution expected for a fractured reservoir-comparison of nu- 
merical and analytical solution (after Da Prat, 1980). Closed reservoir; T ~ D  = 50; w = 0.01; 
x = 10-6. 

Figure 6-9 shows the solution given by the numerical algorithm and that using 
eq. (6-46) for the case w = 0.01 and X = 0. 

Both solutions are the same after t~ 2 w O.lxr&. Therefore, in the case of a 
non communicating matrix, the initial decline is exponential in nature, and can be 
described by eq. (6-46). 

For a communicating matrix ( A  # 0), the initial decline is not the final state of 
depletion. This could be considered as an indication of a non-homogeneous system. 
However, the solution for a non-communicating system and the long-time solution 
as given by eq. (6-40) can be used to  describe the behavior in the general case for 
a communicating matrix. 

Figure 6-10 shows the numerical solution for the case where w = 0.01, and 
X = The analytical solution for X = 0 and the long-time solution provide a 
lower boundary to  the numerical, or real solution. From a practical and economic 
point of view, given an initial value for the flow rate, it is important to  know how 
long it takes to deplete the fractured reservoir completely. 

As seen in Fig. 6-10, the flow rate starts to decline until it reaches the approxi- 
mate value of 

(6-47) 
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This will occur at a time given by: 

(6-48) 
-- 
1 - w rzD(ln reD - 3/4) w 

After this time it remains constant until the long-time solution starts to become 
dominant. In the next section the decline curve analysis using type-curves will be 
presented. 

6.6. Decline curve analysis using type curves 

Fetkovich (1980) described a procedure for using log-log type-curve matching to 
analyze rate-time data for a homogeneous system. The same method can be applied 
to naturally fractured systems as pointed out by Da Prat  e t  al. (1981a) and Sageev 
et al. (1985). However, the relationship between QD and tD is controlled by w and A, 
as well as by other parameters. Thus, more than one type-curve may be necessary, 
especially if w and X cannot be obtained from pressure build-up data. In the next 
section we present a method where w and X can be obtained using only flow rate 
transient data. The type curves corresponding to w = 0.01 and X = 5 x are 
shown in Fig. 6-11. 

The solution for a homogeneous system may be obtained by setting w = 1, and 
it is shown in the figures for comparison with results for a fractured system (see 
dashed lines). The homogeneous system case is the same solution as that presented 
by Fetkovich (1980) in his fig. 2A and B. The type curves corresponding tow = 0.001 
and X = 

In this case, the constant flow-rate period is shown for large values of the dimen- 
sionless wellbore radius, T,D. 

It should be possible to  obtain w and X from pressure build-up data, and either 
to generate or select the proper type curve. That is, once w and X are known, a 
type curve can be created similar to  the upper figures in Fig. 6-11 or Fig. 6-12 
which can be used to  compute production rates for a particular reservoir. A type- 
curve match should provide information about the fracture permeability and total 
storativity. Basically, the production rate may be graphed as a function of time on 
tracing paper, and then placed over the desired type-curve. From a match point, 
the fracture permeability and the total storativity can be calculated. The fracture 
permeability, Kf, may be obtained from the flow rate, QD,  match: 

are shown in Fig, 6-12 for a range of reD from 10 to  10,000. 

Similarly, from the time-tD match point, the total storativity may be obtained: 
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' O 0 1  

t D  
Fig. 6 1 1 .  Type curve used for decline curve analysis in fractured reservoirs (after Da Prat, 1980). 
w = 0.01; X = 5 x no skin effect. The lower figure is a continuation of the upper figure. 
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Fig. 6-12. Type curve used for decline curve analysis in fractured reservoirs characterized by 
w = 0.001 and X = lo-’ (after Da Prat, 1980). No skin effect. The lower figure is a continuation 
of the upper figure. 
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In addition, because X and w were determined by selection of the type-curve, 
some information about the reservoir geometry can be obtained, as indicated by 
the shape factor, a. In fact, the product aKm can be obtained using the following 
equation: 

X I -*  
&I(, = - 

2 
r w  

(6-51) 

If I<, can be obtained from core analysis, a can be computed. The value of a 
may yield information about the apparent matrix block dimensions. In a similar 
manner, using the definition of w and the total storativity, the fracture storativity 
can be obtained: 

(4C)f = ((4C)f + ( 4 C ) m l  %I (6-52) 

From a practical viewpoint, the procedure presented for log-log type-curve match- 
ing should be simple if w and X can be obtained independently from pressure build- 
up analysis. Otherwise, more than one type curve will be necessary to  obtain the 
best match. In this case, for a given r,D, it would be necessary to  consider several 
(3 or 4) values of w (say, 0.001, 0.01, 0.1 and l), and 4 or 5 values of X (lo-’, 

and loF4) for each w. As a result, many pairs of w and X might be 
found for a known r,D. Thus a match point for each could result. However, if w and 
X can be obtained from pressure build-up analysis, then this defines the particu- 
lar type-curve to be used in production calculations or matching for estimation of 
reservoir size. In the next section, the practical aspect of this section is illustrated 
with an example. 

6.7. Type-curve matching example 

Da Prat et al. (1981a) presented an example where the use of type-curve match- 
ing is illustrated wit11 a simulated constant-pressure drawdown test. The simulated 
field data used are shown in Table 6-1. 

The production rate was graphed on tracing paper as a function of time, and 
then placed over the type curve corresponding to w = 0.01 and X = 5 x (see 
Fig. 6-13). 

The fracture permeability and the total storativity can be calculated from the 
match point. Using data in Table 6-1, I<f is obtained from the flow rate-qD match 
(at q = 100, QD = 0.03). Using eq. (6-49) yields: 

= 0.15 mD 
141.2(1)(1) (100)  
(480)(6500) 0.03 Kf = 

Similarly, from the time-tD match point (1 = 1 day, tD = 1500), and using eq. 
(6-50), the total storativity is obtained: 

2.637 x 1Od4(O.15) 
(1)(0.25)2 K4C)rn + (4c>fl= 
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TABLE 6-1 

Data used in simulated example problem 

t (days) q (bbl/day) t (days) q (bbl/day) 

0.02 740 0.27 160 
0.03 680 0.34 125 
0.04 620 0.40 105 
0.06 540 0.50 88 
0.08 470 0.70 79 
0.12 360 0.90 76 
0.17 250 1.20 76 
0.21 210 2.00 74 
~~ 

Pi - Pwf = 6500 psi; S = -4.09; h = 480 ft; w = 0.01; p = 1 cP; B = 1 RB/STB; rw = 0.25 ft; 
X = 5 X re = 1500 ft; rLD = 100; r L  = 15 ft. 

6.8. Estimation ofu, A, r e d  and s from decline curves 

In previous sections of this chapter emphasis was laid on the general behavior of 
the flow rate and the way to obtain reservoir parameters from a type-curve match. 
Assume that the main fractured-reservoir parameters w and X are known from 

1 oo 

lo-’ 

9, 

100 10’ 10 lo3 lo4 105 

tD 
Fig. 6-13. Type-curve matching for a constant pressure drawdown test example in a fractured 
reservoir (after Da Prat et al., 1981a). The fracture permeability can be obtained from the match 
point. 
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pressure-transient analysis with using the method explained in Chapter 3. In cases 
where this information is not available and we are dealing only with rate-time data, 
it is possible to  obtain w and A by a type-curve match, and depending on the test 
duration also T,D and skin effect, S.  Sageev et al. (1985) presented a new set of type 
curves that allows the estimation of A ,  w,  TeD and S ,  from weII-test rate data. As 
explained in the above-mentioned reference, type-curve matching can be performed 
on the rate-time data to  obtain w and A .  Once these parameters are known, the 
analysis explained in section 6.6 can be applied to  obtain the fracture permeability 
and total storativity. The importance of the work done by Sageev et al. (1985), lies 
in the fact that no pressure data are needed to obtain a complete analysis of the 
fractured reservoir under study. For the case of an infinite fracture system without 
wellbore skin, the type curve is as shown in Fig. 6-14. 

The development of this type curve can be seen as a combination of Figs. 6-1 
and 6-2, but using tD/w rather than t~ for the dimensionless time axis. Figure 6-15 
shows how to apply the type curve for determination of w and A. 

The infinite-acting, early-time data are matched with the w = 1 curve. If the 
reservoir is homogeneous, all the data will follow this curve. Late in time the flow 
rate becomes constant, corresponding to a A value of We should expect that 
if the test were longer, the flow rate would start declining, matching another w 
curve and thereby defining the value of w .  In this case an upper limit for w can be 

- 1  I 

0 
U 

In 
In 
9) 

C 
0 
In 

- 
.- 
= 10- 

0 
.- i! 

1 0 - 2 1  I 

1 0 - 2  10 1 0 4  1 0 7  1 0 ’ 0  

Dimensionless t irne, t D / ~  

Fig. 6-14. Sageev’s type curves for decline curve analysis in fractured reservoirs which are used 
in the determination of the fractured-reservoir parameters w and X (after Sageev et al., 1985). 
M n i t e  system; no skin effect. Courtesy of SPE-AIME. 
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Fig. 6 1 5 .  Typecurve matching analysis for a production test example (after Sageev et al., 1985). 
An upper limit for w (0.01) and a X value of was obtained. Courtesy of SPE-AIME. 

10 
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10-1 

10-2 
10-3 
10-5 
10-7 
10-9 

10-2 1 1 0 2  104 1 0 6  108 10’0 

Dimensionless time, t 

Fig. 6 1 6 .  Sageev’s type curve for decline curve analysis in fractured reservoirs (after Sageev et 
al., 1985). Solutions for both finite and infinite reservoirs are given. Courtesy of SPE-AIME. 
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Dimensionless time, t 

Fig. 6-17. Type-curve matching analysis for a production test example (after Sageev et al., 1985). 
The values for w ,  A, and the size of the system are obtained from the match: w = 0.01, X = 
and T,D = 5000. Courtesy of SPE-AIME. 

estimated as w = lo-’. Thus we have determined w and A :  

w = 0.01 (UPPER LIMIT) 
x = 10-5 

The value of K f  and the product (4C)r can be obtained from the match point 
using eqs. (6-49) and (6-52) as explained in the previous section. Figure 6-16 shows 
the general type curve which can be used to find A ,  w ,  r,D and skin effect as well, 
for both infinite and finite acting sy,stems. 

Figure 6-17 shows an example of application. Where A ,  w and r,D are estimated 
( S  = 0), the example shows the case where the matrix-fracture interaction happens 
before the effect of the outer boundary. 

This is a good example where test duration permits of determining X and w and 
the size of the reservoir. As for the infinite case explained previously, X can be read 
off directly and is equal to w is well defined and is equal to 0.01. To find 
r,D, the late-time response which characterizes the total system decline is used. 
This total decline response behaves like a single-porosity or homogeneous system, 
therefore the late portion of the data can be matched using Fetkovich-type curves 
for homogeneous systems in order to find r,D. This is equivalent to shifting the data 
to the left so that the total infinite acting response matches the curve w = 1. Then 
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the decline portion of the data is matched to  one of the decline curves, in this case, 
the one where T,D is equal to  5000. Another example that involves the calculation 
of the skin effect can be found in Sageev et  al. (1985). 
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Chapter 7 

Interference Analysis-Constant 
Pressure Production 

7.1. Introduction 

The study of interference tests for wells producing at  a constant flow rate was 
presented in Chapter 5 of this book. For wells producing at  a constant inner pres- 
sure, Ehlig-Economides (1979) observed that for homogeneous reservoirs, unlike the 
constant- rate solution, the pressure distribution for constant inner pressure does 
not correlate with the line-source solution. 

Figure 7-1 shows the pressure behavior at  various well locations for wells pro- 
duced at constant pressure in an infinitely large, homogenous system. This case is 
obtained by setting w = 1. 

A different solution results for each value of TD.  Considering the homogeneous 
reservoir solution, a particular case of the naturally fractured reservoir solution, it 
can be expected that the same dependence on TD applies for fractured reservoirs. 
This dependence on r D  will introduce another variable in the analysis. That is, 

10‘ 

pD f 

loo - 

lo-’ - 

10-l 10’ I o3 

Fig. 7-1. Type curve used to analyze interference tests for wells producing at constant pressure 
in homogeneous reservoirs. Infinite reservoir. Different solutions depending on the value of T D  are 
shown. 
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NOMENCLATURE 

Interference analysis-constant-pressure production 

C 
KO 
P 
T 

TD 
Tw 

t 
S 

t D  

Subscripts 

D 
f 
m 

Greek symbols 

x 
d 
W 

compressibility, psi-’ 
modified Bessel function of second kind, zero order 
pressure, psi 
distance, ft 
dimensionless radius, 
wellbore radius, ft 
Laplace space variable 
time, hours 
dimensionless time 

dimensionless 
fissure 
matrix 

interporosity Bow 
porosity, fraction 
storativity ratio 

the dimensionless pressure is a function of ~D/T; ,  w ,  X and TD.  As observed by 
Streltsova-Adam (1977), both the fracture and the matrix pressure should be con- 
sidered in the analysis of tests made on fractured formations. This will be considered 
in the next section. 

7.2. Matrix and fissured pressure solutions 

Let us start by analyzing the dimensionless fracture-pressure behavior. 
Figure 7-2 shows P ~ D  vs tD/r; for the case of r D  = 1000, and several values of 

w and A.  The case of w = 1 is shown for comparison with a homogeneous system. 
At early times, the solutions depend on t D / r h  and w for a given r D .  At long times, 
the solution becomes the homogenous case. The time at  which the transition occurs 
depends on the X value: the larger the value of X the earlier the jump. The Laplace 
space solution given by Da Prat (1980) is: 

A short-time approximation to eq. (7-1) yields the relation: 

(7-1) 

The inversion of eq. (7-2) yields the following equation for Pi=: 
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The behavior represented by eq. (7-3) is that for a homogeneous reservoir with 

A long-time approximation to eq. (7-1) is obtained in the limit where s + 0. In 
an effective time tb = t D / w .  

this case eq. (7-1) reduces to: 

which is the Laplace space solution for a homogeneous system at long times. Let 
us now consider the analysis of the matrix- pressure behavior. Figure 7-3 shows the 
solution for the dimensionless matrix pressure, P,D vs t D / r i ,  for a well produced 
at a constant inner pressure. 

The figure shows several curves corresponding to different values of w and A for 
= 1000. The curve for w = 1 corresponds to the homogeneous case and agrees 

with the solution presented by Ehlig-Economides (1979) for a homogeneous system. 
The Laplace space solution for the dimensionless matrix pressure behavior is given 
by (Da Prat, 1980): 

- .  
1 o - ~  10- lo-’ loo 10’ lo2 

‘D 

‘ D 2  
Fig. 7-2. Type curve used to analyze interference tests for wells producing at constant pressure 
in fractured reservoirs. Infinite reservoir. Dimensionless fracture pressure solution; dimensionless 
well distance = 1000. 
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l o o x  

10- lo-’ loo 10’ 1 o2 lo3 

’D 

‘D2 
- 

Fig. 7-3. Type curve used to analyze interference tests for wells producing at  constant pressure in 
fractured reservoirs. Infinite reservoir. Dimensionless matrix solution; dimensionless well distance 
= 1000. 

A short-time approximation is obtained in the limit when s -+ co. In this case 
eq. (7-5) reduces to: 

Inverting eq. (7-6) yields the following expression for P,D valid at  short times: 

Equation (7-7) reduces to  a simple expression for the case w = 0, since: 

(7-7) 

1 
in erfc 0 = 2 n r 5  + 1 (7-8) 

For n = 2: 

1 
4 

i2 erfc o = - 
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Then: 

(7-9) 

As shown in Fig. 7-3, the case w = 0 is characterized by straight lines of unit 
slope at a short times. In this case, eq. (7-8) can be used to understand the observed 
behavior. 

7.3. Practical considerations regarding the use of type curves 

There are many cases where a well is produced at a constant inner pressure; for 
example, a gas well where a fixed pressure must be maintained for sales purposes or 
a water-injection well where the injection pressure is constant. For these cases, the 
solutions presented for the dimensionless fissure and matrix pressure distributions 
are valid. However, the analysis involves the generation of type curves similar to 
those shown in Figs. 7-2 and 7-3 for the given location of the observation well, i.e., 
to analyze an interference test under constant inner pressure production, we first 
generate the type curves for the particular rD and then we proceed in a similar 
manner as for the constant flow-rate production for the analysis. 

Even though the type curves assuming transient interporosity flow are not pre- 
sented, they are similar to the constant flow-rate production as regards pressure 
behavior and flow regimes for a particular r D .  
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Chapter 8 

Computer-Aided Interpretation 

8.1. Introduction 

The objective of this chapter is to provide some insights on the interpretation of 
tests made in fractured reservoirs using computer generated solutions. A computer 
program is presented that solves the general behavior of the fractured reservoir. 
Most solutions for the dimensionless flow rates or pressures presented in this book 
were generated using this program. 

8.2. Computer program 

In this section we present a computer program, based on work published by Da 
Prat (1980). In order to understand the way the program works, let us take a simple 
example. 

Suppose we have a well producing at  a constant rate from a fractured forma- 
tion and we need to generate the dimensionless wellbore pressure as a function of 
dimensionless time for different values of the parameters CD, S(skin), w and A.  

According to Chapter 3 an analytical expression for pf~ is obtained using Laplace 
transforms as a method of solution. In general the solution in Laplace space involves 
the computation of the modified Bessel functions (KO, Ii1 in this case): 

- I c o r m 1  + ~mIG[&mI 
pfD = s { m 1 c l [ m l  + S C D [ K O [ m ]  + s m K l ( [ m l l >  

(8-1) 

To obtain PfwD as a function of tD, what we need to do is to invert &D. 
This can be done in several ways. The simplest method is to find the inverse in 

well-known tables of Laplace transforms (see, e.g., Abramowitz and Stegun, 1972). 
If the function is not tabulated, then the inverse can be obtained using the Mellin 
inversion integral: 

Another approach to finding the inverse is to use an algorithm for the approxi- 
mate numerical inversion of the Laplace transform solution. Such an algorithm has 
been presented by Stehfest (1970) and is the one used in this program to find the 
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inverse. This program is included in the function P,D(~D). This function computes 
the Laplace transform inverse of P,DL(s). The function P,DL(s) provides the ex- 
pressions for either the dimensionless pressure or the flow rate in Laplace space. 
Also, the function P w ~ ~ ( s )  makes use of the functions BESKl(X), BESKO(X), 
BESIl(X), and BESIO(X) to evaluate the modified Bessel functions. 

Regarding the modified Bessel functions, the user of this program should provide 
them. The reason is that there are different ways to compute them depending on 
the desired accuracy and on the particular computer used. In the next 
section, a simple algorithm is presented to evaluate the modified Bessel functions 
in case the user does not have access to systems where these functions are already 
part of a built-in package. 

Basically, the input for P,D is the function whose inverse transform is desired. 
This is contained in the function P,DL(s), the values of the dimensionless time t ~ ,  
and the number of terms to  be used in the approximation. The output is the value 
of the dimensionless pressure or the flow rate. Coming back to  our example, let 
us see how to use the program to generate Pfw,(tD). The case is equal to  3 (see 
computer program); compute the dimensionless wellbore pressure in an infinite 
system (constant flow rate). 

Next we set the time values t ~ ,  that are used as input to P,D(~D). The function 
P,DL(s) computes, according to  the selected case (3), the solution in the Laplace 
space for the particular t D ,  so that the input to P,D(~D) is created ( N  is fixed). The 
output of P w ~  is the desired function PfwD(tD)  (PDWELL). The parameters w ,  A ,  
skin and wellbore storage for the particular case under study and other reservoir 
parameters are set in the form of DATA statements. 

To summarise: the function P,DL(s) provides the expressions for either the di- 
mensionless pressure or the flow rate in Laplace space and the function P,D(~D) 
computes the Laplace transform inverse of P,DL(s). 

The computer program, which is reproduced in Appendix A, can be used to gen- 
erate the solutions for the dimensionless pressure or flow rate for a well completed in 
a fractured reservoir under the more general inner and outer boundary conditions. 
In its present form it assumes pseudo-steady-state interporosity flow. To consider 
the case of transient interporosity flow, the user has just to  change the definition 
of f(s)  (FS term in the function PWDL(S)): 

Thus: 

for a slab-shaped matrix, and: 

for a sphere-shaped matrix 
The program can also generate the solution for the dimensionless flow rate (de- 

cline curves) for a homogeneous reservoir. This is done by setting w = 1 (Cases 0 
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and 2). Also it can, with appropriate changes, generate the solution for the dimen- 
sionless pressure derivative. 

It is known from Laplace transform properties that: 

1 
F’(s) = -F( s )  

S 
(8-5) 

So with appropriate changes in the function Pw~~(s), the solution for the di- 
mensionless pressure derivative can be obtained. 

Even though the program can be considered simple, the user can generate di- 
mensionless pressure or flow-rate solutions under a variety of boundary conditions. 
The solutions can be displayed in the form of type curves for practical or field ap- 
plications. An important use of the program is presented in Chapter 10 that deals 
with test design. 

8.3. Computer-assisted interpret at ion 

In this section, a basic method for interpreting pressure tests in fractured reser- 
voirs is presented. It is based on the well-known technique of type-curve matching. 
For fractured reservoirs, in addition to the well-known parameters such as wellbore 
storage, C ,  skin factor, S ,  considered in homogeneous reservoirs, two additional pa- 
rameters need to be considered: w and A .  In principle this means that a type curve 
for each value of w and X is needed, i.e., given a set of pressure or flow-rate real 
data, it should be matched with many different type curves according to the values 
of w and A .  However, according to  the literature and as explained in Chapters 3 
and 6, many authors have already found methods where the type-curve matching 
is reduced to  the use of one type curve where the data can be matched and the 
values of w and X obtained. A similar approach can be used here. A type curve like 
the one shown in Fig. 3-2 can be generated with a program. Furthermore, skin and 
wellbore storage can be varied. A preliminary match can be obtained (using the 
homogeneous flow behavior of the data and transition). The values obtained for w 
and X from this preliminary match can be used to generate a dimensionless Horner 
plot (case 5) in the program for an infinite system. Therefore, it is possible to check 
the observed behavior in a real Horner plot against the one predicted according to 
the obtained values of w and A. It is in this comparison that the match could be 
adjusted such that a good agreement is obtained using log-log and semi-log analy- 
ses. The process can be simplified if for example, w ,  X and the skin factor can be 
obtained from a conventional Horner graph and C from a Cartesian graph (taking 
into account the previous history of the test). In this case, we assume that two 
parallel, semi-log straight lines are present in the Horner graph. Therefore, using 
w ,  X and K f h  values, the real data can be converted to dimensionless and matched 
to  the solution generated with the program.The interpretation made in this way is 
not automatic. The program presented does not do any automatic interpretation. 
It allows the user to  generate dimensionless solutions both for pressure and flow 
rate that can help in identifying the observed behavior of the system under study. 
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8.4. Modified Bessel functions 

In this section we present a method to compute the modified Bessel functions 
li-o(x), rci(x), ~o(x), and Ii(x). 

As was said in the previous section, the user of the program should check if the 
particular system where the program is to  be implemented has the Bessel functions 
already built-in as part of a general mathematical package. What is presented here 
does not pretend to  be an optimal way of computing these functions. However, if 
the reader chooses to implement them, he will get consistent and accurate values. 

According to  Abramowitz and Stegun (1972), the polynomial approximation for 
the Bessel functions KO(z), K1(x),  lo(x), and Il(x) are the following: 

K O :  Modified Bessel Function: second kind, zero order 

For 0 < x 5 2: 

Ko(z)  = -log - I o ( z )  - 0.5772566 + 0.42278420 [;I 
6 10 + 0.03488590 [ ;] + 0.00262698 [ 11’ + 0.00010750 [ ;] 

+ 0.00000740 [ ;] l2 + E ;  (El < 1 x lo-’ 

For 2 5 x < 00: 

x112 e”I-o(x) = 1.25331414 - 0.07832355 

4 5 

+ 0.00587872 [ 53 - 0.00251540 [ %] 
+0.00053208 - + E [:I 

Kl(z): Modified Bessel Function: second kind, first order 

For 0 < x 5 2: 
2 4 

zKi(z) = xlog [;] I i ( x )  + 1 + 0.15443144 [E] - 0.67278579 [;] 2 
6 10 

- 0.18156897 [ :] - 0.01919 [ E]’ - 0.00110404 [ ;] 
2 

- 0.00004686 [:] l2 + E; IEl < 8 x lo-’ 

For 2 _< x < 00: 

x112 e”Kl(x) = 1.25331414 + 0.23498619 - - 0.03655620 [f I 
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3 

+ 0.01504268 [ i] - 0.00780353 

- 0.00068245 - + E ;  IEl < 2.2 x [:I 
lo (z ) :  Modified Bessel Function: first kind, zero order 

For -3.75 5 x 5 3.75; t = 213.75: 

Io ( z )  = 1 + 3.5156229t' + 3.0899424t' + 1.2067492t6 + 0.2659732t' 
+ 0.0360768t" + 0.0045813t1' + E ;  ]El < 1.6 x 

For 3.75 5 x < 00: 

xl/' e-"lo(x) = 0.39894228 + 0.01328592t-1 + 0.00225319t-2 - 0.00157565t-3 
+ 0.00916281t-4 - 0.02057706t-5 + 0.02635537r6 - 0.01647633r7 
+ 0.00392377t-' + E ;  [El < 1.9 x 

Il(x): Modified Bessel Function: first kind, first order 

For -3.75 5 x 5 3.75; t = 213.75: 

1 
x- ' I~(z)  = 2 + 0.87890594t2 + 0.51498869t4 + 0.15084934t6 + 0.02658733t8 

+ 0.00301532t10 + 0.00032411t1' + E ;  IEl < 8 x lo-' 

For 3.75 5 x < co: 

z1i2 e-"II(z) = 0.39894228 - 0.03988024t-' - 0.00362018t-2 + 0.00163801t-3 
- 0.01031555t-4 + 0.02282967t-5 - 0.02895312t-6 + 0.01787654t-7 
- 0.00420059t-' + E ;  IEl < 2.2 x 

The polynomial approximations for the Bessel functions can be used to calculate 
the Bessel functions. A program which provides solutions for fractured reservoirs as 
it includes wellbore storage and skin effect, is given in Appendix B. The program 
can be considered as an example in which the polynomial approximations presented 
are used. The program only considers the case of an infinite system and is intended 
to  guide the user in case his system does not have a built-in package for calculating 
the modified Bessel functions. 

8.5. Generation of solutions 

Here we present some results obtained using this program. Two cases were run; 
Case A: w = 1 (homogeneous system), and Case B: w = 0.001, X = 5 x lo-', skin 
= 20 and CD = 100. As a check, the user may compare the results obtained for pD 
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(case A) with published results in the literature: 

CASE A (HOMOGENEOUS RESERVOIR) 

PRESSURE VS TIME 

OHEGA= 0.100000000E+01 LAMBDA= .500000000E-08 
SKIN = 0.000000000E+00 CD = .000000000E+00 

CASE B (FRACTURED RESERVOIR) 

PRESSURE VS TIME 

OMEGA= 0.100000000E-02 LAMBDA= .500000000E-08 
SKIN = 0.200000000E+02 CD = .100000000E+03 

PDYELL 
0.999783795E-02 
0.997942350E-01 
0.980585518E+00 
0.833568649E+01 
0.272736056E+02 
0.293737242E+02 
0.296742373E+02 
0.2969704623+02 
0.298944516E+02 
0.307667408E+02 
0.319174646E+02 
0.330687573E+02 
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Appendix A-Computer interpretation of tests 

COHPUTER PROGRAH 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

THIS PROGRAH SOLVES TEE FRACTURED RESERVOIR 
THE FOLLOWIBG CASES ARE CONSIDERED: 

CASE=O:COHPUTE DIHEBSIONLESS FLOW RATE 
IB A CLOSED SYSTM (FIBITE, CONSTANT IBBER PRESSURE) 

CASE=I:COHPUTE THE DIHEBSIOULESS FLOW RATE IB A CLOSED 
SYSTEH, COBSTABT IBNER PRESSURE (ANALYTICAL SOLUTIOB). 

CASE=2:COHPUTE DIHEBSIOBLESS FLOW RATE IB AB INFIBITE 
SYSTEH (CONSTABT IBBER PRESSURE) 

CASE=J:COHPUTE TEE DIEBSIOULESS UELLBORE PRESSURE IB AB 
INFINITE SYSTEM (COBSTABT FLOW RATE) 

CASE=4:COHPUTE THE DIHENSIOULESS UELLBORE PRESSURE IB AN 
FINITE SYSTEH (CLOSED, CONSTANT FLOW RATE) 

CASE=5:COHPUTE THE DIHEBSIONLESS PRESSURE BUILD-UP IB AB 
INFIBITE SYSTM. 

CASE=B:COHPUTE THE DIHEBSIOULESS PRESSURE BUILD-UP IB A 
CLOSED SYSTEH. (HORBER) 

CASE=7:COHPUTE TEE DIHEBSIOBLESS PRESSURE BUILD-UP IB A 
CLOSED SYSTEH (HUSKAT ANALYSIS) 

CASE=8:IBTERFERENCE ANALYSIS. INFINITE SYSTEH. CONSTANT 
FLOW RATE. FRACTURE SOLUTIOB. 

CASE=9:IBTERFEREBCE ABALYSIS. IBFIBITE SYSTEH. CONSTANT 
FLOW RATE. HATRIX DIHENSIONLESS PRESSURE SOLUTION. 

CASE=IO:PSEUDO STEADY STATECFLOW RATE-CLOSED SYSTEH) 

CASE=II:IBTERFEREHCE ANALYSIS. INFINITE SYSTM. CONSTANT 
IBBER PRESSURE. FRACTURE SOLUTIOB. 

CASE=12:IBTFXlFEREBCE ABALYSIS. IBFIBITE SYSTM. COBSTABT 
IBBER PRESSURE. HATRIX SOLUTIOB. 

CASE=13:PRESSURE BUILD-UP IB A CLOSED SYSTEH ANALYTICAL 
ABALYSIS. YARREB AND ROOT SOLUTIOB FOR A CLOSED FRACTURED 
SYSTEHS. 

CASE=14:PRESSURE BUILD-UP IB A CLOSED (HUSKAT TYPE) SYSTEH. 
BUHERICAL IBVERSIOB SOLUTION. 

CASE=15:SAHE AS CASE 13 BUT IB TERHS OF TDA. 

165 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 

C 
c444 
C 
c443 
C 
C 
c445 
C 
C 
C 
C 
C 
C 
C 

DELTD=O.OlDO 
DO 500 K=1,13 
TD=O . DO 
DO 200 J=1,9 
TD=TD+DELTD 
IF(CASE.EQ.16)GO TO 5482 
IF(CASE.EQ.17)GO TO 5483 
IF(CASE.EQ.1O)GO TO 5432 
IF(CASE.EQ.1)GO TO 111 
PDYELL=PYD(TD) 
GO TO 1111 

Compu ter-aided interpretation 

CASE=16:PSEUDO STEADY STATE. FRACTURE DOHIBATED SYSTEH. 

CASE=17:PSEUDO STEADY STATE. HATRIX DOHIBATED SYSTEH. 

CASE=18:HUSKAT PLOT INTERCEPT VS PRODUCING TIHE YARREB ABD ROOT 
soLmIon. 

EXECUTABLE PROGRAH 

IHPLICIT REBL*8(A-H.O-z) 
REAL*8 LAB.IO,I1,IOX,KOX,BUn,DEXP,KO,K1 
REAL*8 RED,RD,K1X,I1X,K1Y,IlY,IOZ,KOZ 
COWIIOB/FRAC/U,LAB,CD,SKIU,RED,RD,CASE,TD 

CASE=O 
IF(CASE.EQ.5.OR.CASE.EQ.6)GO TO 550 
IF(CASE.EQ.7)GO TO 560 
IF(CASE.EQ.8.OR.CASE.EQ.9)GO TO 570 
IF(CASE.EQ.ll.OR.CASE.EQ.12)GO TO 570 
IF(CASE.EQ.13)GO TO 580 
IF(CASE.EQ.14)GO TO 590 
IF(CASE.EQ.15)GO TO 601 
IF(CASE.Eq.18)GO TO 602 
YRITE(21,444) 
FORHAT(’** CLOSED RESERVOIR - COBSTABT IBBER PRESSURE **’I 
URITE(21,443)RED,U,LAB,SKIB 
FORHAT(’ 3,JRED=’.D20.9,X,’Y=’,D20.9,2X,’LAHBDA=’, 

URITE(21,445) 
lD20.9,X,’SKIB=’,D20.9) 

FORHAT(’ ’.T11,’TD’,T37,’QDJ) 

CALCULATIOB OF EITHER 
DIHEBSIOBLESS FLOW RATE 
OR DIHEBSIOBLESS UELLBORE PRESSURE 



Appendix A-Computer interpretation of tests 167 

111 

5432 

5482 

1111 
400 
200 

500 

X=(RED**2-1.DO)*LAB*(l.DO+W) 
Y=2. DO* (1. DO+U) 
Z=LAI/(l.DO-W) 
PDUELL= (X/Y 1 *DEXP (-Z*TD) 
GO TO 1111 
X=l.DO/(DLOG(RED)-0.75DO) 
Y=2.DO/(W*(RED**2)*(DLOG(RED)-O.75DO)) 
PDUELL=X*DEXP(-Y*TD) 
GO TO 1111 
X=(2.DO*TD)/(W*(RED**2)) 

PDUELL=X+Y-O.75DO 
GO TO 1111 5483 
X=2,DO*TD/(RED**2) 
Y=2.DO*((l.DO-WXX2)/(LAI*(RED**2)) 
PDUELL=X+Y+DLOG(RED)-0.75DO 
WRITE(21,400)TD,PDWELL 
FORHAT(D2O02,3X,D20..5) 
COBTIEUE 
DELTD=DELTD*lO.DO 
COBTIEUE 
GO TO 5040 

Y=DLOG(RED) 

....................................... 

C PRESSURE BUILD-UP (HORIER) 
....................................... 

550 

410 

1000 

DELTD=O.OOlDO 
DO 1000 K=1,20 
X=(TPD+DELTD)/DELTD 
Y=TPD+DELTD 
TD=Y 
Zl=PYD(TD) 
TD=DELTD 
ZZ=PWD(TD) 
PDS=Zl-Z2 
XZ=(TPD+DELTD)/DELTD 
YRITE(21,410)XZ,PDS 
FORHAT(D20.9,5X,D20.9) 
DELTD=DELTD*lO.DO 
COBTIWE 
GO TO 5040 

C************************************** 

C WSKAT 
....................................... 

560 PIRED=J.l41592654DO*(RED**2) 
TPDA=TPD/(PIRED) 
T1=2.DO*(3.14159264DO)*TPDA 
DELTDA=O.OOlDO 
DO 2000 J=1,15 
X=TPDA+DELTDA 
Y=DELTDA 
TD=X 
Pl=PUD(TD) 
TD=Y 
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240 

2000 

C 
C 
C 
570 

600 
14 

15 

C 
C 
C 
C 
5 80 

5914 
219 

5915 

C 
C 
C 
C 
C 
C 
C 
C 
C 
590 

PZ=PWD(TD) 
PWUSK=Pl-PZ-Tl 
WRITE(21,240)DELTA,PMUSK 
FORHAT(D20.9,5X,D20.9) 
DELTDA=DELTDA+0.00500 
COBTIBUE 
GO TO 5040 

IBTERFEREICE ANALYSIS 

DELTD=l.DO 
DO 15 K=1,10 
TD=O . DO 
DO 14 J=1.9 
TD=TD+DELTD 
PFORn=(RD**2)*PWD(TD) 
WRITE(21,600)TD,PFORH 
FORHAT(D20.9,5X,D20.9) 
COBTIHUE 
DELTD=DELTD*lO.DO 
conTInm 
GO TO 5040 

MUSKAT ABALYSIS. WARREN AID 
ROOT SOLUTION FOR A CLOSED SYSTEM. 

X=(2.DO*TPD)/((RED**2)*(RED**2-1.D0)) 
Y=LAN/Y*(l.DO-Y) 
2=2.DO*((l.DO-U)**2)/((RED**2-1.DO)*LAB) 
XI=DEXP(-Y*TPD) 
DELTD=O.OOlDO 
DO 5915 K=1,10 
TD=O . DO 
DO 219 J=1,9 
TD=TD+DELTD 
X2=DEXP(-Y*TD) 
PHUSK=X+Z*X2*(1.DO-X1) 
YRITE(21,5914)TD,PMUSK 
FORHAT(D20.9,5X,D20.9) 
CONTIBUE 
DELTD=DELTD*lO.DO 
COBTIBUE 
GO TO 5040 

BUILD-UP ABALYSIS 
CLOSED SYSTEM. BUHERICAL 
IBVERTOR SOLUTIOB. HUSKAT TYPE. 
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5151 

1515 
1011 

1001 

C 
C 
C 
C 
60 1 

6664 

6665 

6666 

C 

PERED=3.141592654DO*(RED**2) 
TD=TPD 
PHUSK=PUD(TD)-TPDA 
X=O .DO 
URITE(21,5151)X,PHUSK 
FORHAT(D20.9,5X,D20.9) 
DELTDA=O.OOlDO 
DO 1001 K=1,15 
DELTD=O.DO 
DO 1011 J=1,9 
DELTD=DELTD+DELTDA 
X=TPD+DELTD 
TD=X 
Zl=PYD(TD) 
TD=DELTD 
Z2=PUD(TD) 
PWSK=Zl-ZZ-TPDA 
WRITE(21,1515)DELTD/PIRED,PHUSK 
FORHAT(D20.9,5X,D20.9) 
COBTIBUE 
DELTDA=DELTDA*lO.DO 
CO BT I BUE 
GO TO 5040 

HKSKAT ANALYSIS. YARREB AND ROOT 
SOLUTIOB USING TDA AS AB IBDEPEBDEBT 
VARIABLE 
PIRED=3.141592654DO*(RED**2) 

TPDA=TPD/PIRED 
XB=2.DO*3.141592654DO*TPDA 
XB=RED**2-1.DO 
Xl=XB/XB 
YN=2.DO*((l.DO-Y)**2) 
X2=YB/(XB*LAB) 
X3=(LAH*PIRED)/W*(l.DO-Y) 
X31=X3*TPDA 
IF~X3l.GT.lOO)X31=100 
X4=DEXP(-X31) 
X5=A.DO-X4 
DELTDA=O.000000001DO 
DO 6666 K=1,15 
DELTD=O .DO 
DO 6665 J=1,9 
DELTD=DELTD+I)ELTDA 
XG=DEXP(-X3*DELTD) 
PHUSK=Xl+X2*X6*X5 
WRITE(21,6664)DELTD,PHUSK 
FORHAT(D20.9,5X.D20.9) 
COBTIBUE 
DELTDA=DELTDA*lO.DO 
COBTIBUE 
GO TO 5040 
CASE.18: HUSKAT PLOT INTERCEPT 
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C 
C 
602 

8884 
8885 

8888 
5040 

C 
C 

C 

C 

Compu ter-aided interpretation 

VERSUS PRODUCIUG TIHE. UARREB 
ABD ROOT SOLUTIOE. 

PIRED=3.141592654DO*(RED**2) 
x=z.Do*((~.Do-u)**z) 
Y=LAU* (RED**2) 
Tl=X/Y 
Z=LAB*PIRED 
ZI=U* (I. DO-Y) 
TZ=Z/ZI 
DELTDA-l.D-06 
DO 8888K=1,10 
DELTD=O.DO 
DO 8885 J=1,9 
DELTD=DELTD+DELTDA 
TJ=TZ*DELTD 
IF(T3.GT.lOO.DO)T3=lOO.DO 
X11=(2.D0*3.141592654DO)/(RED**2-l.DO) 
PMUSK=T1*(1.DO-DEXP(-T3))+(XI1*DELTD) 
URITE(21,8884)DELTD,PIIUSK 
FORHAT(D20.9,5X,DZ0.9) 

DELTDA=DELTDA*lO.DO 
COETIlUE 
STOP 
END 

conTInm 

FUBCTIOB PYDLCS) 

IRPLICIT REAL*8(A-h,O-Z) 
connon/LPL/B 
REAL*8 LAB,IO,KO,K1,I1.IOX,KOX 
REAL*8 UIRI,DEB,Bl,B2,PIRED 
REAL*8 K1X,I1X,I1Y,K1Y,IOZ,KOZ 
COIWOB/FRAC/Y,LAB,CD,SKIB,RED,RD,CASE,TD 
UP=LAH+S*U* (1 .DO-U) 
DAUHU=(I.DO-U)*S+LAB 
FS=UP/DAUM 
FS=(LAB+S*U*(1.DO-W))/((I.DO-U~*S+LAB) 
SF=S*FS 
X=DSQRT(SF) 
Y=DSQRT(SF)*RED 
Z=DSQRT(SF)*RED 
IF(CASE.EQ.5.OR.CASE.EQ.3)GO TO 5510 
IF(CASE.EQ.4.0R.CASE.Eq.G)GO TO 5520 
IF(CASE.EQ.7)GO TO 5520 
IF(CASE.EQ.8.OR.CASE.EQ.9)GO TO 5530 
IF(CASE.EQ.ll.OR.CASE.EQ.12)GO TO 5540 
IF(CASE.EQ.14)GO TO 5520 

................................................... 

C FLOW RATE 
................................................... 

IF(CASE.EQ.2)GO TO 1111 
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C 

C 

C 

C 

C 

1111 

C 

C 

PIRED=3.141592654DO*(RED**2) 
TDY=TD/Y 
TDAY=TDY/PIRED 
IF(TDAW.LT.O.1DO)GO TO 1111 
KlY=BESKl (Y) 
KlX=BESKl (XI 
IlX=BESIl (X) 
IlY=BESIl (Y) 
IOX=BESIO (X) 
KOX=BESKO(X) 

SOLVING FOR QWDL 

PWDL=NUH/DEB 

GO TO 1112 
KIX=BESKl (XI 
KOX=BESKO(X) 
NUH=X*KIX 
DEB=S*(KOX+X*SKIB*KlX) 

PYDL=BUH/DEN 

C******************************************** 

C PRESSURE 
C******************************************** 

GO TO 1112 
C 

C 

C 
5510 

5520 

C 
C 

C 

INFINITE SYSTM 

KO=BESKO(X) 
KI=BESKl(X) 
TOP=KO+SKIB*Kl*X 
BOT=S*(Kl*X+CD*S*TOP) 
PYDL=TOP/BOT 
GO TO 1112 
PIRED=3.141592654DO*(RED**2) 
TDU=TD/Y 
TDAY=TDY/PIRED 
TDAY=l . DO 
IF(TDAY.LT.O.10DO)GO TO 5510 

CLOSED SYSTEH 

KlY=BESKl (Y) 
IOZ=BESIO(Z) 
KOZ=BESKO (Z) 
IlY=BESIl (Y) 
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C 
C 
C 
C 
5530 

C 
C 
C 

C 
C 
C 
5531 

C 
C 
C 
C 
5540 

C 
C 
C 
C 
5541 

1112 

KIX=BESKl (X) 
IlX=BESII (XI 
TOP=KIY*IOZ+KOZ*IIY 
BOTI=KIX~IIY-KIY*IIX 
BOT=S*X*BOTI 
PWDL=TOP/BOT 
GO TO 1112 

IBTERFEREBCE ANALYSIS 
IUFIUITE SYSTEI. COASTABT RATE. 

KOZ=BESKO(Z) 
KlX=BESKI(X) 
KOX=BESKO(X) 
UUM=KOZ 
DEBI=X+KIX 
DEB2=KOX+SKIB+DEBl 
BOT=S*(DEHI+S*CD*DEB2) 
IF(CASE.EQ.S)GO TO 5531 

FRACTURE SOLUTIOB 

PUDL=BW/BOT 
GO TO 1112 

I'IATRIX SOLUTIOB 

X=LAB*(BUI/BOT) 
Y=S*(I.DO-U)+LAB 
PUDL=X/Y 
GO TO 1112 

IIITERFEREBCE AUALYSIS. INFINITE 
SYSTEA. COBSTAHT IBHER PRESSURE 

KOZ=BESKO(Z) 
KOX=BEKO(X) 
KlX=BESKl (X) 
DEH=KOX+SKIH*K1X*X 
IF(CASE.Eq.12)GO TO 5541 

FRACTURE SOLUTIOU. COUSTAUT 
IBBER PRESSURE. 

PUDL=KOZ/(S*DEU) 
GO TO 1112 

HATRIX SOLUTIOH. COBSTAUT IUUER 
PRESSURE. 
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............................................... 

............................................... 
END 

FUBCTIOB PWDCTD) 
............................................... 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 
1 

C 
C 

2 
C 
C 

3 

THIS FUBCTIOB COHPUTES THE DIHEBSIOILESS YELLBORE 
PRESSURE AS A FUBCTIOB OF THE DIHEBSIOBLESS TIHE TD, 
BY COHPUTIBG THE LAPLACE TRABSFORH IBVERSE OF PWDL(S), 
BY STEEFEST IIJHERICAL APPROXIHATIOB. 

FUHCTIOB PWDL(S). 
VALUE OF DIHEBSIONLESS TIHE: TD. 
BUHBER OF TERHS TO BE USED IB APPROXIHATIBG PYD: B. 
(n HUST BE AB EVEB NWBER). 

APPROXIHATED VALUE OF THE DIHEBSIOHLESS PRESSURE 
AT THE WELLBORE: PYD. 

. . . . . . . . . . . . . . . . . . . . . .  

IHPLICIT REAL*8(A-E,O-Z) 
DIHEBSIOB G(50) ,V(50) ,E(25) 
DATA P/16/ 
DATA ISyT/O/ 

IF(ISWT)1,1,14 
COBSTABT TERHS ARE EVALUATED 
ISyT=l 
DLOGTU=.6931471805599453 
BE=B/2 
TEE FACTORIAL OF THE IHTEGERS RABGIIG FROH 
i THROUGH n ARE COHPUTED IHTO ARRAY G: 
G(1)=1. 
DO 2 I=2,B 
G(I)=G(I-l)*I 
TEE TERHS 'DEPEBDEBT OB K O I L Y '  ARE COHPUTED, ABD 

H(1)=2./G(BH-l) 
DO 5 I=Z,BH 
FI=I 
IF(I-BH)3 ,4,5 
H(I)=FI**BH*G(2*I)/(G(BH-I)*G(I)*G(I-1)) 
GO TO 5 

STORED In ARRAY H: 
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4 
5 
C 

C 

C 
C 
C 

6 
C 
7 

8 
9 

10 

11 
12 
C 

C 

13 
C 
C 
14 

15 

H(I)=FI**BH*G (2*I) / (G(1) *G(I-l) 
COBTIBUE 
TEE TERM SB=(-l)**(B/2+1) IS COMPUTED FOR 14: 
SE=2*(BH-BH/2*2)-1 
COHPUTATIOB OF ARRAY V IS STARTED: 
DO 13 I=l,B 
V(I)=O 
LOWER ABD UPPER INDICES IB SUHHATIOB TERMS 
ARE EVALUATED: 
Kl=IBTG(I+1)/2, ABD K2=HIB(I,B/2): 
Kl=(I+l) /2 
K2=I 
IF(K2-118)7,7,6 
K2=BE 
S W T I O B  TERH IS COJPIJTED: 
DO 12 K=Kl,K2 
IF(2*K-1)8,10,8 
IF(I-K)~,~~ ,9 
V(I)=V(I)+H(K)/(G(I-K)*G(2*K-I)) 
GO TO 12 
V(I)=V (I)+E (K) /G(I-K) 
GO TO 12 
V(I)=V(I)+H(K)/G(2*K-I) 

COEFFICIEBT VI IS COHPUTED: 
V(I)=SB*V (I) 
THE TERM SB=(-l)**(B/2+L) IS COHPUTED FOR L=I+1: 
SB=-SE 
COBTIBUE 
THE BUMERICAL. APPROXIHATIOP OF THE LAPLACE TRABSFOM 
IHVERSE FOR PWDL(S) IS  COUPUTED: 
PWD=O . 
A=DLOGTY/TD 
DO 15 I=l,B 
ARG=I*A 
PWD=PYD+V(I)*PUDL(ARG) 
PWD=A*PWD 

COBTIBUE 

RETURB 
C 
C 
C 

. . . . . . . . . . . . . . . . . . . . . . . .  

EED 
C 
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Appendix B-Computer-generated modified Bessel functions 

C 
C 
C 
C 
C 
C 
C 
C 
G 

111 

567 

568 

789 

400 

500 

C 
C 
C 
C 
C 
C 
G 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 

THIS PROGRBn EVALUATES TEE VELLBORE 
PRESSURE II A FRACTURED RESERVOIR. THE 
HODEL COBSIDERS WELLBORE STORAGE ABD SKIN 
**************IBFIBITE SYSTM************ 

EXECUTABLE PROGRAH 

IHPLICIT REAL*8(A-H,O-Z) 
REAL*8 LAB,IO,Il,KO.Kl 
COIQIOB/FRAC/Y,LAB,CD,SKIB 
DATA Y/Q.OOlDO/ ,LAB/5 .D-09/ ,CD/lOO.DO/ 
DATA SKII/ZO.DO/ 
WRITE (23,111) 
FORHAT(’ ’ ,T10, ’PRESSURE VS TIHE ’) 
YRITE(23,567)Y,LAH 
FORHAT( ’ ’ , OHEGA=” ,E20.9, 2X, ’LAHBDA=’ ,E15.9) 
YRITE(23,568)SKIB,CD 
FORHAT(’ ’, ’SKIM=’ ,E20.9,2X, ’CD=’ ,E20.9) 
YRITE(23,789) 
FORHAT(’ ’,T12,’TDJ,T58,’PDYELL’) 
TD=l . DO 
DO 500 K=1,12 
TD=TD*l .DO 
PDVELL=PYD(TD) 
WRITE (23,40O)TD,PDVELL 
FORHAT(E20.9,30X,E20.9) 
TD=TD*lO.DO 
COBTIBUE 
STOP 
EBD 
FUBCTIOB PWDCTD) 
****************** 

THIS NHCTIOB COHPUTES TEE DIHEBSIOBLESS YELLBORE 
PRESSURE AS A FUBCTIOB OF TEE DIHEBSIOBLESS TIHE TD, 
BY COHPIJTIBG THE LAPLACE TRABSFORH IBVERSE OF PUDL(S), 
BY STEEFEST BUHERICAL APPROXIHATIOB. 

FUBCTIOB PWDLCS). 
VALUE OF DIHEBSIOBLESS TIHE: TD. 
BUI[BER OF TERHS TO BE USED IB APPROXIHATIBG PYD: B 
(B HUST BE AI EVEU BUHBER). 

175 
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C 
1 

C 
C 

2 
C 
C 

3 

4 
5 
C 

C 

C 
C 
C 

6 
C 
7 

8 
9 

10 

APPROXIHATED VALUE OF THE DIHEBSIONL.ESS PRESSURE 
AT THE YELLBORE: PYD. 

. . . . . . . . . . . . . . . . . . . . . . . .  

IHPLICIT REAL*8(A-H,O-Z) 
DIHEBSIOB G(50) ,V(50) ,B(25) 
DATA M/16/ 
DATA ISYT/O/ 

IF(ISWT)1,1,14 
COBSTABT TERMS ARE EVALUATED: 
ISWT=l 
DLOGTY=.6931471805599453 
BH=H/2 
THE FACTORIAL OF THE IBTEGERS RABGIBG FROH 
1 THROUGH U ARE COHPUTED INTO ARRAY G: 
G(1)=1. 
DO 2 I=2.B 
G(I)=G(I-I)*I 
THE TERHS 'DEPEBDEBT OB K OBLY' ARE COHPUTED, ABD 
STORED IB ARRAY H: 
H(1)=2./G(BH-1) 
DO 5 I=2,8H 
FI=I 
IF(I-IH)3,4,5 
H(I)=FI**BH*G~2*1)/(G(BH-I)*G(I)*(I-l)) 
GO TO 5 
H(I)=FI**EH*G(2*I)/(G(I)*G(I-l)) 
COBTIBUE 
THE TERH SN=(-I)**(B/2+1) IS COHPUTED FOR 14: 
SB=2*(BH-BH/2*2)-1 
COHPUTATIOM OF ARRAY V IS STARTED: 
DO 13 I=l,B 
V(I)=O. 
LOWER ABD UPPER IBDICES IB SUHHATIOB TERHS 
ARE EVALUATED: 
Kl=IBTG((1+1)/2), ABD K2=HIB(I,H/2): 
K1=(1+1)/2 
K2=I 
IF(K2-BH)7,7,6 
K2=BH 
SUHHATIOB TERH IS COHPUTED: 
DO 12 K=Kl,K2 
IF(2*K-I)8,10,8 
IF(I-O~,II,~ 
V(I)=V(I)+H(K)/(G(I-K)*G(2*K-I)) 
GO TO 12 
V(I)=V(I)+H(K) /G(I-K) 
GO TO 12 
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11 
12 
C 

C 

13 
C 
C 
14 

15 

C 
C 
C 

C 
C 
C 

C 

C 

C 
10 

C 
20 

V(I)=V(I)+H(K)/G(2*K-I) 
COBTIUUE 
COEFFICIEBT VI IS COMPUTED: 
V(I)=SB*V(I) 
THE TERH SB=(-1)**(9B/2+L) IS COHPUTED FOR L=I+1: 
sIr=-su 
COBTIUUE 
TEE BUHERICAL APPROXIMATIOB OF TEE LAPLACE TRABSFORH 
INVERSE FOR PWDLCS) IS COHPUTED: 
PYD=O . 
A=DLOGTY/TD 
DO 15 I=l,H 
ARG=I*A 
PWD=PWD+V(I)*PWDL(ARG) 
PWD=A*PYD 
RETURN 

************** 

EBD 

DOUBLE PRECISIOB FUACTIOA PUDL(S) 

IHPLICIT REAL*8(A-H,O-Z) 
COMMOB/LPL/B 
REAL*8 LAB,IO,KO,Kl,I1,BUM 
COKKOB/FRAC/U,LAB.CD,SKIA 
FS=(LAU+S*U*(1.DO-W))/((l.DO-Y)*S+LA~) 
SF=S*FS 
X=DSqRT(SF) 
T=X/3.75DO 
IF(X.GT.3.75DO)GOTO 10 
-3.75<x<3.75 
XX=1.D0+3.5156229DO*(T**2)+3.0899424DO*(T**4~ 
YY=1.2067492DO*(T**6)+0.2659732DO*(T**8) 
ZZ=0.0360768DO*(T**10~+0.0045813DO*(T**12~ 
IO=XX+YY+ZZ 
GOT0 20 
3.75<X<IBFIBITY 
X1=0.39894228DO+O.01328592D0/T+0.00225319DO/T**2 
X2=0.00916281DO/T**4+0.02635537D0/T**6 
X3=0.00392377DO/T**8-0.00157565DO/T**3 
X4=-(0.02057706DO/T**5+0.01647633DO/T**7~ 
XS=DSqRT(X)*DEXP(-X) 
IO=(X1+X2+X3+X4)/X5 
GO TO 30 
-3.75<x<3.75 
Y1=O.5D0+0.87890594DO*(T**2)+0.51498869DO*~T**4) 

Y2=0.15084934DO*(T**6)+0.02658733DO*(T**8) 
Y3=0.00301532D0*(T**10)+0.00032411DO*(T**12) 
Y4=1. DO/X 
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C 
30 

40 

C 

C 

50 

60 

C 
70 

C80 
C 
C800 
C 
80 

Il=(Yl+Y2+Y3)/Y4 
GO TO 40 
3.75<X<IHFIBITY 
Zl=0.39894228DO-O.O3988024DO/T 
Z2=0.00163801DO/T**3-0.00362018DO/T**2 

Z3=0.0228297D0/T**5-0.01031555DO/T**4 
Z4=0.01787654DO/T**7-0.02895312DO/T**6 
25=-0.00420059/T**8 
ZG=DSQRT(X)DEXP(-X) 
Il=(Zl+Z2+23+24+Z5)/Z6 
IF(X.GT.2.)GO TO 50 
0<x<2 
Y=X/2. M) 
2<X<IBFIBITY 
Tl=-DLOG(Y)*I0-0.5772~566DO 
T2=0.42278420DO*(Y**2)+0.23069756DO*(Y**4) 
T3=0.03488590DO*(Y**6)+0.00262698DO*(Y**8) 

T4=0.00010750DO*(Y**lO)+0.00000740*(Y**12) 
KO=Tl+T2+T3+T4 
GO TO 60 
Y=(2.DO/X) 
U1=1.25331414DO-O.O7832358DO*Y 

U2=0.02189568DO*(Y**2)-0.01062446DO*(Y**3~ 
U3=0.00587872D0*(Y**4)-0.00251540D0*(Y**5) 

Y4=0.00053208DO*(Y**6) 
U5=DSqRT(X)*DEXP(X) 
KO=(Ul+U2+U3+Y4)/U5 
GO TO 70 
Y=X/2. DO 
Rl=X*DLOG(Y)*I1+1.DO+O.l5443144DO*(Y**2) 
R2=-(0.67278579DO*(Y**4)+0.18156897DO*(Y**6~ 
R3=-(0.01919402DO*(Y**8)+0.00110404DO*(Y**10) 

R4=-0.O0004686DO*~Y**l2~ 
Ki=(Rl+R2+R3+R4)/X 
GO TO 80 
2<X<IBFIBITY 
Y=2 .DO/X 
R11=1.25331414D0+0.23498619DO*Y 

R22=-(0.03655620D0*(Y**2)-0.01504268DO*(Y**3~ 
R33=0.00325614DO*(Y**5)-0.00780353DO*(Y**4) 
R44=-0.00068245DO*(Y**6) 

RSS=DSqRT(X)*DEXP(X) 
Kl=(Rll+R22+R33+R44)/R55 
URITE(24,800)X,KO,K1,IO,I1 
WRITE~6,8OO~X,KO,K1,IO,I1 
FORHAT(EZO.9,X,E20.9,X,E20.9,X,E20.9,X,E20.9) 

BUW=KO+SKIB+Kl*X 
DEB=S*(Kl*X+CD*S*BUM) 

RETURU 
EBD 

PUDL=HUM/DEB 
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Chapter 9 

Use of Pressure-Transient Test to 
Determine Fractured System Extension 
and Fracture Trends 

by LUIS PRADO 

9.1. Introduction 

Due to  the fact that naturally fractured reservoirs exhibit a production behavior 
quite different from that of conventional homogeneous reservoirs, it is particularly 
important to  try to establish the dimensions of the fractured system and to quantify 
reserves early in the life of such a field. An estimation of the fractured system 
parameters such as fractured pore volume, directional trends, storage capacity, etc. 
is highly valuable for the purposes of selecting development drilling locations and 
planning of exploitation strategies. 

In this chapter, well-testing techniques applicable to  the determination of the 
dimensions and directional trends of fractured systems will be reviewed. 

9.2. Fractured systems: determination of extension 

A considerable number of fractured systems exist in which the fractures do not 
fully cover the formation in area, or perhaps they exist as localized regions of very 
high density of fractures. A system in which a well was drilled in tight dolomite lying 
within a limestone containing numerous hairline fractures was studied by Adams 
et al. (1968). 

By studying the pressure-build-up behavior in gas-well tests, they observed a 
change in slope (see Fig. 9-l), which they attributed to  the fact that the wells had 
been completed in the tight dolomite, but that widely scattered hairline fractures 
caused the mean permeability of the reservoir distant from the well to be higher 
than the matrix permeability. Using a composite model approach and the Hurst 
line-source solution for a radial change in permeability for the interference between 
oilfields, they developed interpretative equations for pressure-build-up testing. The 
result of their study indicated that the first straight line should yield the proper 
matrix permeability and wellbore skin effect. The second straight line may be ex- 
trapolated to obtain the static pressure. The time of the bend between the straight 
lines was used to  estimate the distance to the fractures. 
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NOMENCLATURE 

Use of pressurt+transient test to determine fractured system extension and fracture trends 

a 
B 
C 

CD 
h 
I ,  
K ,  
Ki 
K2 
ml 
m2 
P 
P D  
ii, 
P w f  

PI h 

h 
P 
r 

S 
t 
tD 

Subscripts 

D 
f 
h 
m 

S 

W 

Greek symbols 

a 

rl 
Y 
x 
P 
4 
W 

radius of inner region, ft 
formation volume factor, RB/STB 
compressibility, psi-’ 
dimensionless wellbore storage 
formation thickness, ft 
modified Bessel function, fmt kind, nth order 
modified Bessel function, second kind, nth order 
permeability of inner region, mD 
permeability of outer region, mD 
slope of first straight line (inner region), psi/cycle 
slope of second straight line (outer region), psi/cycle 
pressure, psi 
dimensionless pressure 
Laplace transform of pb 
wellbore flowing pressure, psi 
pressure at 1 hour shut-in on the second straight line, psi 
pressure at 1 hour shut-in on the first straight line, psi 
flow rate, bbl/day 
radius of fractured region, ft 
Laplace space variable 
skin factor 
time, hours 
dimensionless time 

dimensionless 
fracture 
homogeneous 
matrix 
wellbore 

interporosity flow shape factor, ft-2 
diffusivjty ratio 
permeability ratio 
dimensionless matrix/fracture permeability ratio 
viscosity, CP 
porosity, fraction 
dimensionless fracture storage 

The interpretative equations were derived by considering a well producing at  
a constant rate q and located in the center of a homogeneous, isotropic region of 
permeability K1. The region of permeability 1i1 is radial and of radius a. Outside 
the inner region, the formation is isotropic and homogeneous and of permeability 
I(z. The outer region has a closed outer boundary at radius re. Using the usual 
assumptions for well-testing interpretation models, the following equations were 
obtained . 
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Fig, 9-1. Horner graph of pressure-build-up behavior in a gas well drilled in a tight matrix within 
a more permeable limestone (after Adams et al., 1968). Courtesy of SPE-AIME. 

- log (-) K1 + 3.231 
4 P G  r; 

S = 1.151 

where rnl is the slope of the first straight line: 

(9-1) 

and Pl is the pressure at 1 hour shut-in on the first straight line. Also: 

where PI is the pressure at  1 hour shut-in on the second straight line, and m2 is 
the slope of the second straight line: 

(9-4) 
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The recommended procedure is to  use eq. (9-l), with the information from the 
first straight line to  determine the skin effect. This value of the skin may then 
be placed in eq. (9-3) with information from the second straight line to determine 
the ratio u/T,, and ultimately the distance to  a, the change in permeability. Still 
another way to  estimate the ratio a / r ,  is provided by the equation: 

where (t + At)/At  is taken as the time of the intersection of the two straight lines 
(see Fig. 9-1) and y is Euler’s constant, 1.78. 

Another kind of fractured system in which fractures occur over a limited area 
around a well has been observed in western Venezuela and in other fields around 
the world. This problem has recently received attention in the literature. Karasaki 
et al. (1985) presented an analytical model for fracture-dominated reservoirs which 
consists of a concentric composite idealization with a well located in the center (see 
Fig. 9-2). 

They assumed that the fractures around the well could be modeled by a linear 
flow region. This assumption may be applicable to  the case where the well intersects 
a single natural fracture which is part of an interconnected network of sparsely 
distributed fractures. Prado and Da Prat (1987) have presented a solution to the 
pressure response on a reservoir with a uniformly fractured region around the well 
(see Fig. 9-3). 

I 
c Flow Direction 

Fig. 9-2. Linear-radial composite model for flow in a fractured system (after Karasaki et al., 1985). 
Courtesy of SPEAIME. 



Fractured systems: determination of extension 183 

JS 

........... ........... 

Fig. 9-3. Geometry for a well drilled in a reservoir where natural fractures occur in a limited area 
around the well (after Prado and Da Prat, 1987). Courtesy of SPE-AIME. 

Using the assumptions in the Warren and Root model to describe the flow in 
the fractures near the well, they derived a semi-analytical solution for the pressure 
drop in the well which allows the generation of type curves from which the radius 
of the naturally fractured zone may be estimated. Their model is mathematically 
described as follows (Prado and Da Prat ,  1987): 

Region I (1 5 rD 5 RD): 

where: 
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and the other parameters are defined in the nomenclature. Equation (9-7) describes 
the pseudo-steady-state flow from the matrix to the fractures, which is an assump- 
tion inherent to the Warren and Root model; however, transient flow from the 
matrix to the fractures could be assumed (see Chapter 3). 

Region I1 (RD 5 r~ 5 CO): 

(9-10) 

(9-11) 

The initial conditions is given by: 

h f ( r D 1 0 )  = 0 (9-12) 

The inner boundary condition is described by the following equations: 

= I  

(9-13) 

(9- 14) 

(9-15) 

(9-16) 

Equation (9-15) specifies that the dimensionless wellbore unloading rate plus 
the dimensionless sandface equals unity, the surface flow rate. Equation (9-16) in- 
troduces the steady-state skin effect, S.  At the radial discontinuity, the following 
equations describe the continuity of flux and pressure: 

(9- 17) 

P D h ( R D ,  t D )  = P D f ( R D ,  t D )  (9-18) 

where: 

(9-19) 

At the outer boundary, the case of an infinite reservoir is considered: 



Fractured systems: determination of extension 185 

lim PD~(TD, tD) = 0 ($20) 
T'OO 

Equations (9-6) to  (9-20) are solved by the Laplace transformation method as 
described by Van Everdingen and Hurst (1949). By applying this transformation, 
the solution for the wellbore pressure is obtained in the Laplace space as follows: 

where: 

w s ( 1 - w ) + X  

f ( s )=  s ( 1 - w ) + X  

(9-21) 

(9-22) 

and the parameters C1 and Cz involve combinations of Bessel functions of the 
variables CD, S, R, 11, y, w and X (see Prado and Da Prat, 1987, for derivation of 
this equation). 

The real-space solution for the wellbore pressure, PDfw, is obtained by evaluating 
the inverse transformation to the Laplace space solution (eq. 9-21). This is done by 
using the numerical inversion algorithm described in Chapter 8. 

Figure 9-4 shows a type curve generated by using eq. (9-21). 
Several distinct flow regimes may be identified from this graph. First, a homo- 

geneous flow region A, at early times, during which the flow contribution towards 

CLOSED 
RESERVOIR 

COMPOSITE 
RESERVOIR 

100 - 

a" 1 0 -  

I I INFINITE 
I I RESERVC 

! ! I 

0.1 10-2 I 100 102 lo4 106 108 

'0 

Fig. 9-4. Type curve for a well completed in a localized fractured reservoir (w = 0.01; X = low3; 
RD = 1000; CD = 0; S = 0; y = 5).  Different flow regimes may be identified: A = fracture flow; B 
= transition; C = total response (matrix plus fractures); D = transition; E = composite reservoir 
response. Courtesy of SPE-AIME. 
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(1 ) INFINITE RESERVOIR 

(2) R ~ = 1 0 0 0  
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(4) R ~ = 2 5 0  

(5) R ~ = 1 0 0  
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Fig. 9-5. Type curve for a well completed in a fractured reservoir of the composite type showing the 
effect of the size of the fractured region on the transient pressure behavior (w = 0.01; X = 
CD = 0;  S = 0; y = 5) (after Prado and Da Prat, 1987). Courtesy of SPE-AIME. 

the well is attributable only to the fractures (in the absence of after flow). Second, 
a transition zone B, when the matrix starts to feed fluid to the fractures, followed 
by a second homogeneous flow region C, which reflects the response of the frac- 
tured region (fractures plus matrix). So far, the system behaves as predicted by 
the double-porosity theory of Warren and Root. However, when the boundary of 
the fractured region is felt, the pressure response enters a second transition period, 
D, which would be followed for longer times by a final homogeneous flow period 
reflecting the response of the entire composite reservoir. 

Figure 9-5 shows a type curve generated for various radii of the fractured region. 
This kind of plot can be used to match field data using type-curve matching 

techniques, and determine the extension of the fractured region around a well. 
The effect of wellbore storage on the pressure response is shown in Fig. 9-6. 
I t  is clearly seen that wellbore storage completely masks the early part of the 

pressure response. So, unless provisions are made to minimize the storage effects 
during a well test (for instance, by closing the well at the bottom), it is not possible 
to determine the fracture parameters, or even to ascertain the fractured nature of 
the format ion from well- test informat ion. 

An alternative to bottomhole shut-in is to measure the downhole flow rate 
and pressure simultaneously. Application of deconvolution techniques (Kucuk and 
Ayesteran, 1983) allows the generation of an equivalent constant-rate set of data, 
thus removing wellbore storage effects. Based on their results, Prado and Da Prat 
(1987) proposed guidelines for conducting a well test with the objective of estimat- 
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Fig. 9-6. Type curve for a well completed in a fractured reservoir of the composite type showing 
the effect of wellbore storage on the pressure response (w = 0.01; RD = 1000; S = 0; y = 5 )  
(after Prado and Da Prat, 1987). The early part of the pressure response is completely masked 
for CD = 100, making the determination of fractured-reservoir parameters impossible. Courtesy 
of SPE-AIME. 

ing the extension of a fractured zone. The interpretation of such test would involve: 
(1) the determination of fracture parameters from the early part of the data by 
using Ihe techniques described in Chapter 2; (2) using these fracture parameters to 
construct a family of type-curves for different values of the radius of the fractured 
region (see Fig. 9-5); and (3) type-curve matching with the test data to select the 
appropriate type-curve from which the radius of the fracture can be determined. 
It is expected that future work in this area will optimize (by means of correlations 
using RD) the type-curve matching techniques. 

9.3. Fracture trends from interference test 

Early recognition of the dominant trend of a naturally fractured reservoir is 
of considerable importance for the location of development wells. Elkins and Skov 
(1960) presented a method to determine fracture orientation from interference tests. 
By including permeability anisotropy, they derived the following equation for the 
pressure drawdown at an observation well: 



t

(9-23) 

where Pi = initial pressure, psi; P = pressure at observation well, psi; q = production 
rate, bbl/day; p = viscosity of oil, cP; B = formation volume factor, RB/STB; h 
= thickness, ft; t = time, days; C = effective compressibility, psi-'; q5 = porosity, 
fraction; KZ, Ky = permeability in the z and y direction, respectively, darcy; (I - 
IO), (y - yo) = distance from producer to observation well in I and y direction, 
respectively, ft. 

Based on eq. (9-23), they proposed the following sequence to  determine the 
orientation of the fractures: 

(1) Determine I and y coordinates of producing and observation wells. 
( 2 )  Rotate these coordinates to  an assumed fracture orientation. 
(3) Using assumed values of diffusivity in the new I and y directions, calculate 

the term CqEi for each observation well, (the summation sign accounts for the 
contribution to the pressure drop of different production wells), and determine the 
associated values of ,/= and P, by the least-squares method. 

(4) The fracture orientation and diffusivities in the I and y directions are mod- 
ified and the calculation repeated until a value of these factors is found such that 
any further modification increases the sum of the squares of the difference between 
measured and calculated pressures of the individual observation wells. 



189 

Chapter 10 

Test Design for Fractured Reservoirs 

10.1. Introduction 

A book could be written on test design. There are many aspects involved that 
require more than a chapter to cover the subject. Testing by objectives could be 
a chapter in itself. In view of the recent advances in tools that can measure both 
pressure and flow rates with high resolution and accuracy, many models introduced 
in the literature 30 years ago, that were subject to controversy because of the lack 
of real data to validate them, have become of popular use, in part due to the use 
of high-resolution and high-accuracy sensors. Such is the case for example, with 
the Warren and Root (1963) model. This model appeared in the literature in 1959. 
However, it was just recently that the values of w and X could be obtained as regular 
parameters. A major breakthrough in type-curve matching has been the use of the 
derivative. There are many examples where in using only pressure in a type-curve 
match, the double-porosity behavior is not so evident. However, using both pres- 
sure and pressure derivative, the diagnostic could be more resolutive. In today’s 
interpretation methodology, the use of the derivative has become a standard in the 
industry. It can be foreseen that other methods similar to the derivative will be im- 
plemented in the future, such as the second derivative and others. However, these 
and similar methods are applied to the obtained pressure data, i.e., the derivative 
is not measured in the field. It uses values, obtained with a pressure probe, that 
are subject to many undesirable variables such as, for example, noise, drift and 
temperature changes. These effects are present, no matter the resolution and pre- 
cision of the particular sensor used. Therefore we should be aware of the quality 
of the original data before applying methods of interpretation; for example, a good 
sampling of the pressure data is needed to apply the derivative. 

The objective of this chapter is to present a basic understanding of testing for 
fractured reservoirs. 

10.2. Test design for fractured reservoirs 

Before entering into a discussion of the way to conduct a test in a fractured 
reservoir, it should be stressed that in many cases (exploration wells) it is not 
known a priori that the particular well has been completed in a naturally fractured 
reservoir. Even though (see Chapter 3) there may be indications from drilling, logs 
and geology about the fractured nature of the reservoir, when the well is pressure or 
flow-rate tested, the indications of a fractured reservoir may not be easily evident. 
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Test design for fractured reservoirs 

B 
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C D  
h 
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P' 
PD 

P w f  
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f? 
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Subscripts 
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Greek symbols 
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Y 
x 
P 
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formation volume factor, RB/STB 
compressibility, psiv1 
dimensionless wellbore storage 
formation thickness, ft 
permeability, mD 
slope of semi-log straight line, psi/cycle 
false pressure, psi 
dimensionless pressure 
wellbore flowing pressure, psi 
wellbore pressure during the build-up period, psi 
volumetric rate, bbl/day 
dimensionless flow rate 
Laplace transform of f?D 

dimensionless radius 
external outer boundary radius, ft 
dimensionless outer boundary radius 
effective dimensionless outer boundary radius 
wellbore radius, ft 
effective wellbore radius, rW exp(-S), ft 
skin effect 
time, hours, 
dimensionless time 

dimensionless 
fracture 
initial 
matrix 

interporosity flow shape factor, ft-2 
exponential of Euler's constant (4 1.78) 
interporosity flow parameter 
viscosity, CP 
porosity, fraction 
storativity ratio 

For example, if the matrix has a very low permeability, the system will behave as 
if it were homogeneous, specially if the test has a short duration like a D.S.T test 
where there is a preset duration for the sequence of draw-downs and build-ups. 

Let us assume that our well is completed in a fractured reservoir and see how we 
can obtain the desired parameters such as w ,  A, K h ,  skin, and P', by conducting 
either a build-up or an interference or a production decline test. 

10.2.1. Build-up tests 

The reader not familiar with the pressure behavior observed in a build-up test 
taken in a fractured reservoir is referred to Chapter 4. As with any build-up test, 
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specially if no downhole, shut-in tool is used in the test, we have to consider the 
wellbore storage effect as one of the predominant effects that can obscure early 
time data. In the case of fractured reservoirs, wellbore storage can mask the first 
semi-log straight line (if it exists). If the effect is of long duration it can mask the 
transition zone even more (see Fig. 4-2). 

The dimensionless wellbore storage CD must meet the following condition for 
one log cycle of the early-time behavior to appear: 

w ( 1 -  w )  

cD 36X(60 + 3.5s) 
(10- 1) 

Let us assume common values for w and A; w = 0.01, X = 1 x 
factor = 0). 

Then: 

(and skin 

= 4.6 
(0.01)(1- 0.01) 

cD ‘ 36 x 10-6(60) 

which is a low value. 
The start of radial flow (for the fissures) obeys the same rule as for homogeneous 

systems (If log cycles). Care should be taken in the analysis where the transition 
zone becomes dominant first and no radial flow is observed for the fissure system. 
i.e., the 13 log cycle can give us the start of the radial-flow behavior in the transition 
zone where there is no radial-flow behavior. This situation may become critical if 
the test duration is not long enough to detect the behavior of the total system. The 
interpreter not aware of the double-porosity behavior will analyze the transition 
part as radial flow and the values obtained for I i h  and extrapolated pressure P*,  
will be in error. Several authors have already pointed out the difficulties of analyzing 
build-up tests (Horner type), specially if not all of the expected response is presented 
in the obtained data. Gringarten (1979) presented a detailed analysis of build-up 
tests conducted in fractured reservoirs. Figure 10-1 shows typical fractured-reservoir 
behavior on a Horner plot. Each curve was generated for a different value for the 
production time previous to  the build-up. 

Thus, depending on the production time and duration of the build-up test, we 
may or may not see the two parallel semi-log straight lines. Practically speaking, 
the production time previous to  the build-up should be of long enough duration 
that the total system’s behavior is observed. This warrants (assuming CD and skin 
factor equal to zero) the existence of the two semi-log straight lines in the build-up 
following the drawdown, and the assumption that the build-up time is longer than 
the time required in the drawdown test to reach the total radial flow behavior of 
the system. In a real field case, and if a surface-pressure read-out unit is avail- 
able, the drawdown can be analyzed (assuming a constant rate) using conventional 
type-curve matching (pressure and pressure derivative) and therefore a decision as 
to the duration of the build-up test can be made. It should be stressed that for 
computations of skin, P*, w and X using the Horner method we really do need 
the two semi-log parallel straight lines. However, w and A can be computed using 
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Fig. 10-1. Horner plot showing the expected behavior in a fractured reservoir (after Gringarten, 
1979). The appearance of two parallel semi-log straight lines depends on the production time 
before the build-up test (assuming no wellbore storage and skin effects). Courtesy of SPE-AIME. 

log-log techniques in the event that the Horner plot does not exhibit the expected 
behavior. Regarding the existence of the two parallel semi-log straight-line feature, 
in practice, as pointed out by Gringarten (1979), “it is the exception rather than 
the rule”. 

The computer program presented in Appendix A of Chapter 8 can be used to 
simulate a build-up test by generating the dimensionless pressure behavior. Cases 
5, 6, and 7 once run (see computer program), will give the expected results in 
dimensionless form for a build-up case. Figure 4-2 is an example, showing a Horner- 
type plot and Fig. 4 4  shows a Muskat-generated build-up. A test design can be 
made based on given or assumed values for CJ, A ,  CD, skin, Kf, production time and 
other reservoir and fluid parameters. Once the dimensionless values for the pressure 
are obtained, they are converted to their corresponding real values. Therefore, many 
predictions can be based on the simulated build-up behavior such as the duration 
of build-up. 

Regarding the flow-rate history previous to the shut-in period, there are many 
cases where there is a sequence of drawdowns previous to the final build-up, specially 
in exploration wells (D.S.T’s), and in testing gas wells (modified isochronal test). 

Figure 10-2 is a schematic diagram of rate variation preceding a pressure build- 
up test (Earlougher, 1979). It is a special case of a variable production-rate schedule 
( q N  = 0) such as is shown in Fig. 10-3. 
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Fig. 10-2. Rate history before the shut-in period ( q  = 0). Rate variations should be considered for 
the proper analysis of any testing period. Courtesy of SPEAIME. 
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Fig. 10-3. Variable production rate schedule. During a D.S.T. test we may have the following 
sequence of events: initial flow, initial shut-in followed by a final flow, and a hal shut-in. Courtesy 
of SPE-AIME. 
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To compute the pressure at  the well versus time for the period qN, we may use 
the form (Earlougher, 1979): 

+ log ("-> - 3.2275 + 0.86859 S 
dPCt 6 

or : 

where: 
162.6Bp 

K h  
m' = 

is the slope, and the intercept, b', is given by: 

" 3.2275 + 0.8659 S 

( 10-2) 

(10-3) 

(10-4) 

(10-5) 

Examples of use of this form in calculating reservoir pressures are given in Ear- 
lougher (1979). For build-up testing, a special form of eq. (10-2) can be used to  
analyze the test build-up pressure: 

( 10-6) 

where q N  is the flow-rate value before shut-in in this case. Bourdet et al. (1984a) 
give the following expression for PD to generate a type curve to analyze build-up, 
taking the previous flow history into account: 

n-1 1) 

( 10-7) 

Thus, to analyze build-up in a fissured reservoir, when rates vary before shut- 
in, we generate the function P D  given by eq. (10-6). It is necessary to know the 
flow history prior to the shut-in and the values for PD can be obtained from the 
computer program presented in Chapter 8. 

Thus, a build-up type curve can be generated to simulate the expected build-up 
behavior when rates vary before shut in the well (typical of D.S.T. tests). 
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10.2.2. Interference tests 

Planning for interference tests on naturally fractured reservoirs should be done 
carefully. A simple reason was pointed out by Ramey (1982), “Real non-ideal sys- 
tems often do behave like ideal-system solutions, as indicated by a match of pressure 
vs time data points on a graph.” If we consider that the formation in which both 
the active and observation wells are completed, comprises localized rather than 
uniformly distributed natural fractures (which is the most realistic situation), then 
it will not be surprising if the analysis of interference data can be done with the 
line-source solution (valid for homogeneous systems) i.e., no signs of heterogeneities 
are present. 

Rased on the expected behavior (see Chapter 5) for the pressure response for an 
interference test done in a fractured formation, we need to know both the test dura- 
tion and well spacing such that the three flow regimes that characterize a fractured 
reservoir are present in the observed data. For example, assuming a fractured reser- 
voir (pseudo-steady-state interporosity flow model), the distance between active 
and observation wells has to satisfy the relation: 

> gauge resolution + noise (10-8) 
2 

In ~ 

r m  
in order to see the flattened part of the pressure curve. In planning an interference 
test, it is important to simulate the expected behavior for the particular reservoir 
and production conditions. Let us find out the expected pressure versus time be- 
havior in an observation well caused by injection at  a constant rate in the active 
well. Although according to the literature there are many ways to compute this, 
here the use of the program presented in Chapter 8 (case=8) is emphasized. The 
program can generate the dimensionless fracture pressure distribution for any value 
of the parameters w and A. Basically, what is needed is to generate P ~ D  vs. tD/?$ 

for the given w and A. From the definitions of tD/?$ and P f D  we can generate A P  
vs. At  which is the expected pressure versus time behavior for our observation well. 

The reservoir and fluid data which are used in the inference test design test are 
given below: 

h terference test design data 

Injection period = 400 hours 
qinj = -100 bbl/day 
h = 480 ft 
Pi = 0 psi 
r 
r, = 0.250 ft 
B, = 1.0 RB/STB 

Ii‘f = 1.2 mD 

= 250 ft  (distance between wells) 

p, = 1.0 CP 

[ ( 4 q f  + (+qrn] = 3.38 x 10-7 
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TABLE 10-1 

Interference example 

Test design for fractured reservoirs 

0.1D-02 
0.2D-02 
0.3D-02 
0.4D-02 
0.5D-02 
0.60-02 
0.7D-02 
0.8D-02 
0.9D -02 
0.1D-01 
O.2D-01 
0.3D-01 
0.4D-01 
0.5D-01 
0.6D-01 
0.7D-01 
0.8D-01 
0.9D-01 
0.1D 00 
0.2D 00 
0.3D 00 
0.4D 00 
0.5D 00 
0.6D 00 
0.7D 00 
0.8D 00 
O.9D 00 

0.1151D-01 
0.6361D-01 
0.1206D 00 
O.1699D 00 
0.2106D 00 
0.2440D 00 
0.2715D 00 
0.2942D 00 
0.3131D 00 
0.3289D 00 
0.4014D 00 
0.4201D 00 
0.4273D 00 
0.4315D 00 
0.4348D 00 
0.4379D 00 
0.4409D 00 
0.4439D 00 
0.4468D 00 
0.4757D 00 
0.5037D 00 
0.5309D 00 
0.5572D 00 
0.5827D 00 
0.6074D 00 
0.6314D 00 
0.6546D 00 

0.1D 01 
0.2D 01 
0.3D 01 
0.4D 01 
0.5D 01 
0.6D 01 
0.7D 01 
0.8D 01 
0.9D 01 
0.1D 02 
0.2D 02 
0.3D 02 
0.4D 02 
0.5D 02 
0.6D 02 
0.7D 02 
0.8D 02 
0.9D 02 
0.1D 03 
0.2D 03 
0.3D 03 
0.4D 03 
0.5D 03 
0.6D 03 
0.7D 03 
0.8D 03 
0.9D 03 

0.6773D 00 
0.8717D 00 
0.1022D 01 
0.1143D 01 
0.1242D 01 
0.1326D 01 
0.1399D 01 
0.1462D 01 
0.1519D 01 
0.1570D 01 
0.1909D 01 
0.2109D 01 
0.2252D 01 
0.2363D 01 
0.2454D 01 
0.2531D 01 
0.2597D 01 
0.2656D 01 
0.2708D 01 
0.30541) 01 
0.3257D 01 
0.3401D 01 
0.3512D 01 
0.3603D 01 
0.3680D 01 
0.3747D 01 
0.3806D 01 

w = 0.01 
x = 1 x 10-6 

We run the program using w = 0.01 and A = 1 x The results for P ~ D  

The reader familiar with the interference type-curve matching presented in Chap- 

Now from the definitions of t D / r ;  and Pm, we solve for t and AP: 

(dimensionless fracture pressure distribution) are given in Table 10-1. 

ter 5 will recognise that here we are solving the inverse problem. 

141.2qBp 
AP = PfD I+f h 

(10-9) 

(10- 10) 

Substituting the corresponding values for the interference test design data (see 
above) yields: 
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TABLE 10-2 
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Interference example 

t (hours) A P  (psi) t (hours) A P  (psi) 

0.067 0.28 5.33 10.81 
0.133 1.56 6.00 10.88 
0.200 2.96 6.7 10.95 
0.267 4.16 13.3 11.66 
0.333 5.16 20.0 12.35 
0.400 5.98 26.7 13.01 
0.467 6.65 33.3 13.66 
0.533 7.21 40.0 14.28 
0.600 7.67 46.7 14.89 
0.67 8.06 53.3 15.48 
1.33 9.84 60.0 16.04 
2.00 10.30 66.7 16.60 
2.67 10.47 133 21.37 
3.33 10.57 200 25.05 
4.00 10.66 267 28.01 
4.67 10.66 333 30.44 

tD 
TD 

t = 66.68 

and: 

A P  = 24.51 Pm 

Table 10-2 shows the A P  vs. t data for the observation well. 
Let us analyze the results. There is a (measurable) change in pressure in much 

less than one hour. This is the fissure system pressure (CD = 0, no wellbore storage), 
then a transition (constant pressure M 10 psi) and finally the solution matches the 
line source solution. If formation continuity is one objective of the test, then it is 
achieved with a very short injection rate (less than 1 hour). Now, to verify that we 
are indeed dealing with a fracture system, the injection should continue at  least for 
a minimum duration of 7 hours (to observe the transition), and for the complete 
identification of the fractured reservoir, we need to  continue injection to at  least 
200 hours. 

10.2.3. Production decline tests 

The design of a test where the objective is to study production decline can be 
done in a similar manner to that with interference tests. The computer program 
(Chapter 8) can generate the dimensionless flow-rate solutions for any combinations 
of w and X (Cases 0, 1 and 2). With the advent of new high-resolution flowmeters, 
measurements of initial production decline for fractured reservoirs will be as com- 
mon as pressure measurements. Let us assume that the reservoir and fluid properties 
are known, either from pressure testing or cores and laboratory measurements. Let 
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us simulate the expected decline in flow rate assuming that we are producing at  
a constant inner pressure during the test. The use of a tool capable of measuring 
both pressure and flow rate simultaneously is advisable. 

The reservoir and fluid data for the test design are presented below: 

Data for production decline test 

w = 0.01 
B = 1 RB/STB 
x = 5 x 

P, - Pwf = 6500 psi 
P ,  = 0.25 ft  
S (skin factor) = -4.09 
P ,  = 1500 ft 
h = 480ft 

[($qm + ($C)f] = 10 x 

P;D = 100 
/I = 1.0 CP 
rk = 15 ft 
I<f = 0.15 mD 

Note: To include the skin effect (see above), we make use of the relation: 

rI, = T ,  e --9 

Table 10-3 shows the values generated with the program for the dimensionless 

Using the definitions for QD and tD: 
flow rate ( q D )  and corresponding dimensionless time i ~ .  

(10-11) 

(10-12) 

and substituting the corresponding values for the parameters of the production 
decline test (see above): 

q = 3314.6 qD (10- 13) 

t = 0.01596 tD (10-14) 

Table 10-4 shows the expected or simulated behavior for two days of production. 
From a practical viewpoint, we are interested in knowing, once the initial decline 

starts, at  what time during the test the flow rate will become constant (assuming 
pseudo-steady-state interporosity flow). According to Chapter 6, the value for the 
flow rate during this period is given by: 
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t D  qD 

0.10D-01 
O.2OD-01 
0.3OD-01 
0.40D-01 
0.50D-01 
0.6OD-01 
0.7OD-01 
0.80D-01 
0.9OD-01 
0.10D 00 
0.20D 00 
0.30D 00 
0.40D 00 
0.50D 00 
0.60D 00 
0.70D 00 
0.80D 00 
0.90D 00 
0.10D 01 
0.20D 01 
0.300 01 
0.40D 01 
0.50D 01 
0.60D 01 
0.70D 01 
0.80D 01 
0.9OD 01 
0.10D 02 
0.20D 02 
0.30D 02 
0.40D 02 
0.50D 02 
0.60D 02 
0.70D 02 
0.80D 02 
O.9OD 02 

0.9837737371) 00 
0.800585142D 00 
0.716204071D 00 
0.664403354D 00 
0.628187232D 00 
0.600892255D 00 
0.579286039D 00 
0.561580849D 00 
0.546694641D 00 
0.533926254D 00 
0.461154521D 00 
0.426121422D 00 
0.403999573D 00 
0.388208022D 00 
0.376108963D 00 
0.366400431D 00 
0.358352330D 00 
0.351517059D 00 
0.345602321D 00 
0.310864656D 00 
0.293427413D 00 
0.282139974D 00 
0.273940296D 00 
0.267573107D 00 
0.262408718D 00 
0.258089084D 00 
0.254392404D 00 
0.2511724411) 00 
0.231851977D 00 
0.221886484D 00 
0.207755641D 00 
0.197591309D 00 
0.188007109D 00 
0.178951593D 00 
0.170393022D 00 
0.162303748D 00 

t D  PD 

0.10D 03 
0.20D 03 
0.30D 03 
0.40D 03 
0.50D 03 
0.60D 03 
0.70D 03 
0.80D 03 
0.90D 03 
0.10D 04 
0.20D 04 
0.30D 04 
0.40D 04 
0.50D 04 
0.60D 04 
0.70D 04 
0.80D 04 
O.9OD 04 
0.10D 05 
0.20D 05 
0.30D 05 
0.40D 05 
0.50D 05 
0.60D 05 
0.70D 05 
0.80D 05 
0.90D 05 
0.10D 06 
0.20D 06 
0.30D 06 
0.40D 06 
0.50D 06 
0.60D 06 
0.70D 06 
0.80D 06 
0.90D 06 

0.154658075D 00 
0.97843O930D - 01 
0.655045672D-01 
0.470963556D-01 
0.366154565D--01 
0.306454151D-01 
0.272424312D-01 
0.253008783D-01 
0.241 91 7080D - 01 
0.235566291D-01 
0.22634824OD-01 
0.225227053D-01 
0.224200623D - 01 
0.2231 83849D - 01 
0.222163556D-01 
0.221143243D-01 
0.2201 258981) -01 
0.2191 12888D -01 
0.218104661D- 01 
0.208282535D-01 
0.198905105D-01 
0.189949890D-01 
0.181397772D-01 
0.173230743D-01 
0.165431418D-01 
0.157953310D-01 
0.150870551D-01 
0.144078015D-01 
0.9089412671)-02 
0.5734319051)-02 
0.361775442D-02 
0.228249035D-02 
0.1 44006037D - 02 
0.908550275D -03 
0.573143085D-03 
0.361484848D-03 

For our test: 

loo2 - I 
qD = ( ) 5 x z O . 0 2 5  

(10-15) 

which corresponds to a production of 
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TABLE 10-4 

Production decline test 

t (days) 4 (bbl/day) 

0.02 740 
0.03 680 
0.04 620 
0.06 540 
0.08 470 
0.12 360 
0.17 2 50 
0.21 2 10 
0.27 160 
0.34 125 
0.40 105 
0.50 88 
0.70 79 
0.90 76 
1.20 76 
2.00 74 

q = 83 bbl/day 

The time at which the constant flow-rate period starts can be computed. Using 
eq. (6-52): 

r$, - 1 
2 In ~ (In reD - 3/4) 

x 2 t D  = 
-- 
1 - w r%(ln r,D - 3/4) w 

Substituting the values for the production decline test: 

104 In -(In 100 - 75) 
E 1.2 x 103 2 

2 
t D  = 5 x 10-6 - 

1 - 0.01 1002(ln 100 - 75) 0.01 

which corresponds to a production time of 0.8 days, approximately. 
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